
Eodd functions

- To see if f is odd
,

even or neither
, replace

every
instance of s with -x .

- If you get back the original function
,
f is

even .
If you find the negative of the

original function
,
f is odd .

- If neither of these things is true
,
I is

neither odd nor even .

=ampe g(x)
= 2x + x

-> g( - x) = 2( -x) + ( - x)

implies that
"

= - 2x3 - x
= - g(x)

entialfunctions

-

An exponential function is a function

of the form y
= a

,
where a is a real

constant
- The domain is the whole real line

,
I

,

and the range is (0
, 0) : the graph never

t ouches the x-axis
.

- The standard exponential function is
y

= ex =exp (x)
,

where

e
= 2 - 718 ... Can irrational number)

- The function exp(x) is equal to its

own derivative
,
and is defined by

the power series



I

-

e = 1 + x +1 + + ... -

· i2
n

=

0

- Its inverse is the natural logarithm ,

y = In x
,

whose domain and range
are (0

,
g) and R respectively .

ewise- defined functions

⑪ The absolute value function is given by

f(x) = (x) = I! for x 0

for x <O

Domain : ( -0
,
0) = IR

Range : [0
, a) *

② um function

/ 1 , x >0

0 x = 0f(x) = syn(x) =

7
- 1

,
x >0

I

The range of the signum function is

I - 1
,

0
, 13 : the set of the three

numbers - 1
,

0 and 1
.
Its domain is I .

#bolicfunctions

- x

- These are even and odd combinations of "and e.



ex-
-

sinh - e : hyperbolic sine
-

coshx - ex t 2
-

· hyperbolic
-

2 cos : ne

tanh - inhe : hyperbolic
cosh tangent

sch I - sech= 1
..

sinh coshx

y
y = sinhocott. y = coshx

x

y
-- ....... - .... - -

>
y

= tanh x......- -

- - -



The domains of sinhoc
,
coshc and tanhs

are all equal to IR : all the weal

numbers
.

There are no intervals where

they are not defined
,

as none of their

definitions involve prohibited operations
such as division by zero ,

creationof two functions

Let both f and g be functions of real

variables. Their composition is a rule

that assigns a value z in the
range

of I to each value o in the domain

of f : y = f(x)
,

z = g(y)
gof(x) = g(f(x)

IExample f(x) =

g
!f(x)9(y) If( !

= locThen
, h(x) I I

Domain of f : IR

-zi, eS

Range of f : 1

y
= h(x) = g0f(x)

= (x)

Domain of h : IR Range of h : [0
, 0



-

ex numbers

The solution of a quadratic equation
acc + bec + c can be found using

Setac

If the term b2-4ac >0
,

we usually say
that the quadratic has no (reall roots -

Example The formula above gives the roots of
-

the quadratic equation

=" - 47 + 5 = 0 as 2I .

2
However

,
if we define : = #

,
we can write

these roots as

2 = 4 = 2 = = 2 = = 2 = i

This is an example of a complex number
.
It

has a real part and an imaginary part .

more generally ,
we can write

= = a + bi
,

where a
,
bt R

a and b are the real and imaginary parts ,



respectively ,
of Z

,
often denoted by Re(z)

and Im (z) .

- If a = 0
I
then z is purely imaginary .

If b = 0
,

then E is real
.

- A complex number written as the sum of a

real and an imaginary term is in hard
form
-

-

We denote the set of all complex numbers by C
,

so that I - K
.

- Every quadratic equation has roots in K
.

Fionand subtraction

- The real and imaginary parts are treated separately .

- Eccample : If z
,

= 2 + 3 : and Zz= 1-2 i
,
then

z
,

+ zz = (2 + 1) + (3 - 2)i = 3 + i

and E
,

- Ez
= (2-1) + (3-) - 2))i = 1 + 5i

Multipation

- The essential fact to remember is thati2=-1

(since i = F)
.

-

Example
With z

, and ze as above
,

we have

z , z = (2 + 3i)(1 - 2i)
= 2 - 4i + 3i - 6(iz)



- 2 -

i

- ( - 1)
- 2 - i + 6

I

I 8 -

L

#Argadiagram

We often plot complex numbers on an Argand diagram :

Im(z)v

the .
plane S↳

-

-z= at
i

complex
Re(z)

Daitionsand properties

- The complex-onjugate of z = a + i b is

E = a - ib (sometimes written E
*

=

a - ib)
- The mus of Eis (z) = r

= (a 2
+ by)/12

We also have that IE = ZE
,

since

zE = (a + ib)(a - ib)
-

as - ibatiba-(i)
- t be

- The argument of z = a + ib is arg(z) = 0
.

Note : the argument is not unique .

An integer
multiple of 25 can be added to 0 without

changing E , as this just takes us back to

the same point on the Argand diagram .

Usually ,
we take O ? 0 (2π

.



We also have that O = tan-1)) : tan"(1)
Example With =

= + i
,

we have that E = 5-i
- -

1z) = r = [(512 + 12) = 2

arg(z) = tan" (1(5) = + /6

Note : it is important to remember that calcula ting-

O from tan" (bla) can give an answer in the

wrong quadrant .
It can be useful to sketch

an Argand diagram to make sure that you

have calculated the correct angle .

Example With z = - 1+ 4:
,

we have that
- -

tan" [41(-1))--1 - 3258 rad
.

However
, drawing an Argand diagram shows that

this lies in the wrong quadrant :

1

ica
curated
angle

We can move into the correct quadrant by adding #

to our result
, giving O = 1 . 8158 rad

.

Division
The complex conjugate introduced above is

important in division
.

For example ,
to calculate



the quotient

E
we multiply the numerator + denominator by the

complex conjugate of the denominator
,
4-3 :.

This gives /(3) =

i
- 12 = 1

- 3i

25

The fact that ZE = a + b has allowed us to make

the denominator entirely real and write the quotient
in standard form

.

Reformof complembers

From the Argand diagram ,
we can see that

z = r cosO + i rsinO
= r(cosO + i sinO)

This is the polar form of a complex number .

Example Write z = 1-i in polar form .

① Calculate the modulus
,
(z) =

r = (12 + 12) = x

② Calculate O = tan" (b(a) = tan") -1/1)

=tan"(-1) =

S or In
4



③ Draw an Argand diagram ...

1

(z)

. Race
...

to see that O=
4

The polar form of z is then

z = (cos(7)4) + i sin (7 , /4)]

Expaneform of a complumber
-

Recall
: the exponential , sine and cosine functions

can be written as power series :

&

I

= 1 + x I
2 x I ...

- -??
*

3 !
3 5

sin x = CC - x t x ...

- --

3 ! 5 !

COS = I

-
t !

-...

-
--

If we define ei0 = 1 + i 0 + (0 +O + (a) . .
iO

then C = 1 + iO + + 0 +

O
*

+ ...



- 1 + i0 - 22 -

i ! + +
...

-

2 ! 4 !

- ( -

2

+ a" - ... ) + =(0 - a
+ ...)- -

-

2 ! ↳ ! 3 !

- cosO + i sin O

Eter'sidentity
-

This gives us another representation of a complex
number : the exponential form

-, with eie = cosO+i sinOl
Note

:

(ei8) = [(cosO + i sin0) (cosO-i sinO)]"

=[cos20+ sin2 8]"= 1

iO
and a represents all points on a circle of

unit radius in the Argand diagram .


