MTH1001 Algebra — Mock exam

Question 1. Write the integer 1000 (written here in decimal notation) in base 9.

Solution: The digits in base 9, starting from the least significant, are obtained as the
remainders of successively dividing first 1000, and then each previous quotient, by O:

1000 =9-111+1

111=9-12+3
12=9-1+3
1=9-0+1

Hence (1000);0 reads (1331)g in base 9. In other words, 1000 =1-9%+3-9>+3-9+ 1.

Question 2. Find all solutions (in the complex numbers) of the following system of equations:

2?4+ y° =13
r+y=3

Solution: Because 2% + ¢ = (z +y)3 — 3(x + y)zy, and the value of x + y is known from
the second equation, the system is equivalent to

3% —3-3zy =13
r+y=3
and, in turn, to
ry = 14/9
r+y=3
Then z and y are the solutions of the quadratic equation 22—32+14/9 = 0, or 92°—272+14 =
0 if we prefer, and so they equal
27T +272 —4-9-14 2T +/729-504 27 +15
18 B 18 18

which are 7/3 and 2/3, in any order. Hence the system has exactly two solutions, which are
(z,y) = (2/3,7/3) and (z,y) = (7/3,2/3).

Question 3. Use the Euclidean algorithm to find a pair of integers s and ¢ such that
331s + 177t = 1.

Solution: The Euclidean algorithm reads
331 =177-14154 =177-2 — 23
177=23.-7416=23-8-7
23=T7-3+2
7T=2-341,

where we have taken advantage of using negative remainders if smaller in absolute value.
Hence 331 and 177 are coprime, that is, their greatest common divisor equals 1, and so we
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know from the theory that integers s and ¢ as required exist. Working through the above
calculation backwards we find
1=7-2-3
=7—-(23-7-3)-3=-23-3+7-10
=—-23-3+4(=177+23-8)-10=—177-10+23 - 77
= —177-10+4 (=331 + 177-2) - 77 = =331 - 77+ 177 - 144.

Hence s = —77 and t = 144 are integers as required. Another possible pair (of infinitely
many) is s = —77 4 177 = 100 and ¢ = 144 — 331 = —187.

Question 4. Find the smallest positive integer z, if it exists, which satisfies
r=11 (mod 14)
{x =7 (mod 20)

Solution: The system of congruences has solutions because (20,14) = 2 divides 7 — 11 =
—4. By the Euclidean algorithm we find 2 = —20 -2 + 14 - 3. Multiplying by 2 we obtain
11—-7=4=—-20-4414-6, which can be rearranged as 11 —14-6 = 7 —20-4. Hence the
common value —73 is one solution of both congruences. Any other solution differs by this
by a common multiple of 14 and 20, that is to say, a common multiple of 140. Hence the
smallest positive solution is z = —73 + 140 = 67.

Question 5. Using the method described in the lectures, find all complex roots
of the self-reciprocal polynomial

f(z) =a" —22° — 132> — 20 + 1.

Solution: After noting that zero is not a root we can divide both sides of the equation
xt — 223 — 1322 — 22 + 1 = 0 by 22, and obtain the equivalent equation
2 1
2 —2r—13—- =+ = =0.
r

We can rewrite this as

1\2 1
(s4-) —2(z+-)-15=0,
x x
which after setting y = = + % reads y> — 2y — 15 = 0, that is, (y + 3)(y — 5) = 0. Hence
the root of f(x) are the solutions of the equation = + % + 3 =0, and those of the equation

z+ 2 —5=0. The former are (—3 +/5)/2, and the latter are (5 + /21)/2.

Question 6. to find the rational roots of the polynomial
f(z) = 62° + 52> — 10z — 6,
and then factorise it over Z. Show all your work.

Solution:  According to the Rational Root test, if /s € Q is a root of f(x), with ged(r, s) =

1, then r divides 6 and s divides 6, hence r;s € {£1,42,43,+6}. Consequently, the
possibilities for r/s are

1 3 1 2 1
41,42 43, - 4> Lo 4D o
2'72 3773 6
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Going through the list from left to right and checking individual values (preferably by Ruffini's
rule), we find f(—3/2), and so the polynomial has = +3/2 as a factor, or 2z + 3 if we prefer.
Dividing by this factor we find

f(z) = 62° 4+ 52> — 102 — 6 = (22 + 3)(32* — 22 — 2).

Now the quadratic factor has discriminant (—2)% — 4 -3 - (—2) = 28, which is not the square
of a rational number. Hence the roots of this factors are irrational, and so this factor cannot
be further factorised over Q (and hence not over Z either).

Question 7. Let o, 3 and 7 be the complex roots of the polynomial 2® — 322 — 2x + 5. [10 marks]
(The roots are distinct, but you need not check that.)
Compute a2 + 372 +~v72.

Solution: Because
1 — 32> —22+5=(z—a)(r—B)(z—7),

the coefficients of the polynomial tell us that

a+pB+v=3
af +ay+ fy= -2
afy = —b.

Now one way to proceed is
oz_2+5_2+7_2=7i+—+—
B 04252‘1'042724'5272
- (Bv)?
_ (aB+ay+67)* —2(aBy)(a+ B+7)
(aBv)?
(—=2)2 —2-(=5)-3 34
(—5)2 25

A different way is to consider the reciprocal polynomial

573 =202 —3r+1=(r—a ) (z—-B -9,

from which we see that
at+ Bty =275
a ' ra Ty gy = =3/5
a7y = ~1/5,

and hence

a2 B = (0 B ) 20 ey 4 Y

=(2/5)* —2-(—-3/5) = 34/25.
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Question 8. Compute 5718 in the finite field F3.

Solution: The inverse of 5 in Fy3 is —5, because 5- (—5) = —25 =1 (mod 13). Hence in
Flg we have
51 = 5% = (((=5))°) = ((5)°) = (-5)° = -1
Alternatively, we may use the fact that 52 = 1 in [F13 according to Fermat's little theorem,
and hence
5—18 — 5—6 — 56 — (53)2 — (_5)2 - 1.
Both solutions given are instances of a general procedure for computing powers in [Fy3, but

if we took into account that 52 = —1 (mod 13) as we discovered when finding the inverse
of 5, an even faster solution would be 571® = (5%)7% = (=1)7% = —1 (mod 13).

Question 9. Express the polynomial f(z) = 2° — 2? + 2% + 1 as a product of irreducible
polynomials in F5[x].

Solution: First we search for linear factors of f(x). Calculation shows that the only roots
of f(z) in F5 are 2 and —2 (which is the same as 3). Dividing f(x) by (z—2)(z+2) = 2*+1,
we find f(z) = (x — 2)(x + 2)(2® — 2* + 1).

Now 0, 1, and —1 are not roots of 2° — 22 + 1, because we have already checked that they
are not roots of f(z). However, 2 and —2 might be roots of this cubic polynomial, and so
we have to check them. Calculation shows that 2 € FF5 is a root of 2° — 22 + 1, but —2 is
not. Hence

F@) = (2 =200 +2) (e + 2 +2).
Now one checks that 2 € F5 is not a root of 22 + z + 2, hence this polynomial is irreducible
(over F5), and we have found the complete factorisation of f(x) in Fs[z].

Question 10. Determine the number of monic irreducible polynomials of degree two in F5[z].

Solution: There are 52 = 25 distinct polynomials of the form %+ a,z +ag with coefficients
in F5. Those which are reducible are either squares (z — oz)2, with o € [F5, or products of
the form (x — a)(x — ), with a, 8 € F5 and a # 5. There are 5 of the former type, and
(g) = 5-4/2 = 10 of the latter type. Consequently, the number of monic irreducible quadratic
polynomials in F;[z] equals 25 — 5 — 10 = 10.
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