Asymptotes

Definition  Swppose Ehat either lim F(x) = L

X )0

Or lim f(x) = L. Then, Ehe Line Y = L iy

x-) -0

1] horizonkal Hgm\a(:oke, to  Lhe 3r4p1\ o f

Y < f(x).
j/}__-_:_L_~ y
/ :_______9:]_
— 2 2
b X
“M -p(sc) - L 1 m F(x) = L
X Joo X-) -o
Definikion The line I s a vertical

R&"j Mpl’bl:@ l:o (:Lle graph o-(: 9: -F(,x) i-@ at
least one of  Lim £(x) and Aim Flx) s

el{lual Eo o or — o

SV R
N ~ _ R

Detinibion 1§ 1im [#Cx)'(mx+C)J =0/

x - ®

Por M#O, E hen Ehe line (0: Mmx 4 ¢ VS a
Sllnt angwpkote DF kke cwurve .



This  occurs +or

rational Funckisns when

— the degree of Ehe
/ numerabor 15 pne

hi 3her Lhen Ehe de_9\‘£&

bt Che denominabor.
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Checklist for Lurye skel’chinj_

@ Dom atn

® Slﬁmme[‘:rj and periodicity

@ As(ompffo(:e,.S : \Ie_r(TiC.tll, hariEOV\Ea(, .Sl.a.nl"
Intervals 0{3 Increase and decrease

Intercepts wibh axes

(V)

Locel maxina and MmNl MR

Concaviby and poinkys of infleckion.

SOE

2 x

Example Skebch Ehe curve v

0 Domain:{xlxzflf()} :{x\xi T 1}

= (=a, -OD-1, 00 (), »)
@ lV\(:'ErLe.ka . Y =0 When x = 0.

@ f(-x) = 2 (-x)? 2 x°?
(-x)* =1 x? - |
and Ehe Lu\n ckion (5 Lven.

£(2)




@ Lim 2 x° = |~ 92 = 9
XDt JCZ"] X-)tw 1 — ”‘)L2

Qnd 5 : 92 1§ a ( dOuHe,) hori&dntal
astﬁmpkote,

“The denominabir 15 O whea x = T |, g0

we have Ehat
l”"\ 2 x* < © “M 2 5t T - ©
S+ v - | e A RPN
[{m 2x® = e, lim 252 a
x-) -+ 3 - | X<=)~1—~ xz_\

and e have Ve.rEical aS(ngH‘:eJ ILE' 3‘-:1).

@ Flx)s (x®*-0D(ux) = 2x* 2x
(x2-1)°
: — b
(x>-1)*

So, £'(x) >0 when x <0 (with x #-1)

und  F(x) < 0 when x >0 (with x # l),

’”\en f(x) 13 lncr‘aa:|n9 on (-, - 1)  and
-1, 0) anad decraajmj on (0, 1) and (1, &)



@ [7= 0 ot x=0 and does nst exisk aF
x= Y] . We have alreadj dealt wibh  Ehe
verkical asbm'hhﬁ et x =t We ke now
thal (6,06) 15 a loc sl maXimum, Since
‘F'(x.) change; from pos'\kive to neaa_Eive here.

@ e (x)

(x2 =D*(-4) 3+ bx. 2 (x%-~))2x

Cx2-1)"
= -4(x%-1) + 16x°
;o (x* 1)
= 12x" + 4
(x*-1)°
Since  12x" + 4 >0 for all x, we

have Ehat  £7Cx) > 0 when =% > 1 and
that £ (x) ¢ 0 whea x?2 < 1. This reans
{:L\a& [fke cur ve '»_r (on CGve u.,,;wa.r'&f on
(' @, —‘) and Cl, °0) nd Con Caove

downwards an (‘\, 1) .
P(AI:Einj all Ehis fogcbher, we Tind that
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’r_aﬂlor pﬂynomiah and Tavlor Serives

- We Cakn  use polynomiah to appreximate
coMPliCaEcd Funckions,
- A Sxoskema.(-[c Way of D(oi/\ﬁ this 1s Eo
WSe Taylcr polgnom[alr.
- We build wp bo  this by iookinj at

linear  and  quadrabic  approximabions.

Linearisakion

. 'F(x)/ Fhat
tan be differentiobed as Mmany Eimes as uwe

like.
- Near the poir\l' (a, {:(a)), we  Can
a.ppl"oximate Ehe funcbion b& ) l’ange/\f lt'ne,

Y = fla) + FCa) (x- a)

1ma93ne we have a  funckion

vy T
(a, £(w)

A4

/ +
qQ

- The closer we ge,E Ee x=a, Ehe bekber

Ehe oapproximobion becomes.



Quadrukic approazima.l?iOHJ

- IF is eften possible ko yMprove Ehe
Q”roximal:'mn 59 usin} a ltu.adra.l:ic.

Y = P, (x) = F(a) + £Ca) (x - a)

+ -["(a) (x.-q)z
2

Why  does Ehis  work €

@ When X = a, PZLO.): f(a), SO P, an
‘c\ne Lunck‘ion mo}t.l'\ a kb X = Q.

@  p)(x) = £ + 17(a) (x-d)

Pukbing x =a, we see  Ehat P (o) = £'(d),
and Che derivabives mabch abt  x: a
@ P: (=) z £ (o) , S 0 Ehe second

derivab 1 ves mabch aF x = a,

= Our oy roximabin\j P°19" srial  Fherefore
re;rodu tes s6mMe iw\porl:a.nl' feabures of {(x),



- Nobe that P, () = O for all «,
S 0 Po () contoins  no  1nformabion abowt
the Ehy rd ( and }n'gker) derivabi ves s +
£(x).

Highu'— dﬁ}rez aprro.x;ma.l‘}on_:

We can impro\/e Ehe o.pyroxima.l:ion Further bﬂ
'|V\clu.d.a'v\J More Ferms:

Po(x) =z $(o) + F'(a)(x-0a) + £"Ca) (-a)
2
¥ _Fts) (a) (JC-— a)S N _FCN)(Q) (x.—a)N
3! N |
or, L n 5;91'\0. nol:a_é'ion,

Pp Cx) = Z -(:U)(a)(x—a)n
n'

- This 3 the NS order 'Taﬂlor Pal,gncmia[
ot  Flx) ab x = a

- ALl derivatives o f P (.)c), wup to and
includinﬂ bhe  NE  derivabive, match Ehose of
F(x), Ehat is

/

P () = +#%(ad) For n= 0, 1, 2,.,N

buk all h{&lﬂer derivabiver of Py rmust bpe
Z Lro e,uujwhere.



The funckion P. vacluders the

in formakion ab o wt 4 Ehalt tomey from

vk dert vabives up Eo order N ab >z a.
E xam pl_e._ : Find Ehe Ehyrd- order /falolar
Polgnbm'l al qpprcxfma,‘:-ion Eo £(x) = e x/
valid near oo = O

P, (x) = $(0) + £°(0)x + £Co)x? + £U(0)x’
2! 3!

A LL derivabives o+ 6,1 wikh r&sre.cf‘_’ ts x

x
are e /

[C0) = F7(Co)= £“(06)= £2(0)= e° = )

50

We  Ehea  have Ehoet Py (x) = 1 + Xx +£ +3c_3_
6

/rhe error '.TCPM

We would now Like Eo (Lua.n('ifj Ehe efrrer
mode when a.pproatima.l:;nj a function Ly 4
Toyler polvnomial-

To Le.s}n, We define the MNE- osrder
error term  as

RN(x) = -H.x) — PN(x)



’Fa,uru theorem Lthen
N) EA

sbabes  Ehoel  Ehe
order

error Eerm abou.l' X = a i.r

Ryl(x) = £ (o) (x-a)""

ENEIR DR
number Chalt Lieys

where ¢
and o

if a bebween x

Note

Ta«olor\l {Theor(_m
maean valuc
Same 1 f

[J dn e,xhn.cs'on o f the
Chesrem and |5

we se b Nz 0 I N Ehe cbove
formula . Tn Ehis case,

R, (x) = £'Cec) (x-a),
50 Ehat ‘P(x,) - f(a) = -{-"(c)(L-a) .
Re arrar\ainj H\i:, we fint Ehatb

FCCe) = £(x) - £Ca)

X — a
1For fomeée C Le_f.'wee.n x

value FheoTem

e.xacf.'ly H'\L

oad o, which 11
H\c Mmedn

EJCamp_li We

found earlier Ehaolb Ethe

Chird-order ’ra.yl.or mpproximahon Eo e ™
arowad a= O LS

6)‘-: 1+ X+ £ g




/laglor‘.t Ehesrem staber Fhal Ehe errer Eerm
L s 9}ven b"

R, (x) = £ 7(c) "

4!
where C I bel ween 0 and x . RAgain, any
derivative of e with respect  Eo  x 1 s
e,xl end 41 = 24 so,
C 4
R, (x) = e x
LY
’Taujlor‘; Hr\eorem J.M—S‘ n oé gi Ve Ws (:he Va.lw.
ot C. However, we can caleulare  Ehe
MmaXiMmum  errer for a given value of x.
For example 4 we use  bhe polﬂnomia_l Q1ven
/ ~ 110

above Eo estimabe e by expanding about
G.:O/ we 'Finl)\ Ehul‘

~ 10 ; (t]1060) (1] tooo) c
e < 1*(ﬁ) L R t e < 1 )

24 \ 10000

c

|

By2a + e
6000 240000

We lkasw €hat =10 < ¢ <O/ so the maxinum

errdr Eerm 15 e = 1

240000 24 0000




Nete Ehe fLLﬂ When U.Sinﬂ the above !':echrﬁq‘u.e
o estimebe the value of a  Ffuackion ab =«

Sivan point 15 Eo cbart ol o ncarhy point
where the value of £(x) 15 kaown, Tn the

bove example, we knew Ehat e = l.

Tawlor series

- 14 khe humber of Lerms  becomes infinike

(N = &) a, ’ro.;jl.or pelynorial becomes &n
infinikte series.

- Thus 1S o Convc.r'Den,P series |E
a.rpr‘oa.cl'\c.f (/¥ Llr'\\l:
Exo.hzl&= Hr\e ’[aﬂlor seres a.looul' 1:7 O‘[: e.x ) £

Z F"“(l)(x )" = Z e,(x,—7 Z(1~l)

n=0

. . . n)
Slhcc aU. H\e de_r:va.l:lves 1(\( o'F e. arc&.

Example C Exam 2021‘/223
Finda the £irst Ehree Non- Zere termy ) n

the ’ravlor serles ot  cou x arswnd X = TT/Z )

‘Fw(x) c"\ ( T /2>
0 cosy Jc
] -Sin X ~ 1
2 ~Cos X #)
3 Sin o 1
Ly cos o d
5 ~Sin X ~ |




F(x) T f(n/2)+ -F'(rr/z)(x~rr/9_)

+ L,I(WIZ)(I“W/Z)Z + -ﬁm(n‘/Z)(D(nrr/Z)g
2! 3!

v P wl2)(x-ml2)" + FC%n/2) (x-r]2)°
) 51
o 5
—(x -n(2) + (x-n{2) = (x-mw/2) 4..
31 5

Tn kegruk‘ion

Inkegrakion from First principles

Suppose bthat a  funckion s conkinuous aad
non- neyakive on  aa  inberval  x € T, ant we
wish ko determine Ehe area under Ethe curve on 1.

Exomple :  What s Che area under the
Curve Yy = x® on  Ehe inkerval x € [O, 1)?

We con estimake Ehe area U.s{nﬂ rcc(:o.r\SLasz

&\



- Ouwr estimake be comes more  accurabe ar  we
increase the  number of Fec,l:a_nglcg.

= Suppose  that e have n rcc,Ea.ngleﬁ. Since
Ehe inkerval 15 et widEh 1, each
re.t.(,-a,ngle |5 of wid-kh 1n.

- The }\&tskt of Ehe firsk rat;l:a.ns,{e s
(_L>z y Ehot oF Ehe second 15 (i )2, oad

n N

$O on.

- The cum of Ehe 0reas o Ehe rc_cE‘angleJ 1
5]vcn 53

Rny: 1 (l 24— I(Z>2+---+ 1(n>2
n \n "\ n n \Un
z | ()‘ ¥ 2% + - 4 nz)
n3

- To cvaluake Ehis tum, we need bto kasw that
the sum of  FEhe squeres  of  the  firsk n

Pos'\('ive intesers g Q{Uen b.‘?

n(n+1)(2n+)
6

B

- 'Takinﬁ the limit of an ;'npin{);e num ber
of re,cl:ungkes, we f:nd Cthat
L™ 7\(““'])(2"“"): hhm 2 4 3}»’\ ¥ \}r\2 =

N oo 67}3 na oo 6 3




Debinikipn Suppose Ehot ‘G(x) 15 a
continaoas  Ffanckion on Ehe interval [a, b)].
We divide FEhe inkerval i1nko n Sub- intervalg
o f tqual  width Ax = (b-a)[n. L ek x,: a,
X,, Xg,..., X, = b tenote the end po'\v\l.'! of
Ehe SuLinEervals, and let ¢, € [x,-,,, x-,]
be Sample PoinL‘S. Thea the definite
}r\lzesral o f £ from o to b Ls

1> $(x) dx = Lkim Y o) B

n-)o

Nokbes
- \-\: Ehe limit BJL;S}.‘S, Wwe Sag Ehat Ehe
Functbion L f \nl:aerable

- the )limit Sive: Ehe same value Ffor all

possible  choices of  sample points ¢,
= The sum Z $C) Ax s called  the
— Riemann sum

e Since HM Va[ue o‘F Ehe JI.MiL' is
inde‘undcnf O‘F He Sam yle o‘f’ Pbinh L)\Mcn
we  cen rimpl'n(j Ehe definibtion of Lhe

definite  inktegral  Fo

/

n

j: Flo) dx Lim i Fx;) Ox

n-)o

where x; = oo 41 Ax.



Propertiesr ot Ehe definibte integral

b
S c dx = ¢ (b - a.) / where ¢ i any

[/§
cong bank

®
© V | £(x) ¢ SCoL)J dx = f: Flo)dx 2 }L gL5) dx
© 51’ c fe) dx = ¢ fb f(x) dx
® fc Flx) doe  + Lb flo de = f: f () dx
(cplitting  Ehe range)
() 1f F(x)2 0 for @ SxSb then
) Flode 20
@ 1+ £(x) 2 olx) Ffor @ & x $b, then
XL f(x) dae 2 S,L g (x) dx
@ 1P S R €M e o $x &b, then
m(b-a) € 0" Fle)dxe € M(b-a)

m T Nobe Ehis May be wsed
/W Eo eskimake the definite
M N . {nhjrals o f com,aliu. Fed

7
X {:umr.\:ion:




Faundamental Eheorem of Calculus

- This cssmhallﬂ sbakes Ehat inl’egra.l:ion and
ditferentiabion oare  Ehe inverses of each  obher

Part @ 1¢ £ 1S conkinwous on [a., b],
then Ehe Funckion F defined b&

Flx) = |, Mudt, o <x€5b

s conkinuwous on Loa, lo]/ differentiable on
(0., lo) and F:,(:c) = ‘F(x.)

MAbernatively, 4 [" £(p dt = £y
dt Jga

Notes : - the choice of Ehe lower Llimit s

nekt 'lmporl:mnl:: ik sebs the consbank of

) which  vanishes when we differentiate.

- khis  theorem allows ws  Eo  view ;nl.’egral‘:ion

ink zﬂra.fion

a s solvin a different:al e,cLuo,Eionr we are

S'l\ren F'lx) = f(x), and Ehen find F(x).

Ankiderivabives

If F is a funckion whose derivabive ¢ 1‘:, )
Ehat F'(x,): £(x) We Sy Ehat F s

/

oan anki derivakive sf L.



E:Co.mpl_a: Any funckion x3 + C for

—_— /

3

anki derivakive ot xz.

Soeme

cons bant ¢, ) on

Fundamental Eheorem o0F  calculus pa.r‘l’ @

1§ £ s continuous on [a, b], then
b
[) #0 de = F(b) - Fla)

Where F s &n y ankiderivakive of £ .

1
Example |, x*dx = 11— 0O

Tndefinite inl:eﬂra.ls

- The ndefinite 'lnlft',ﬁral J-Hx) dx. g the

%amilg of all  antiderivakives of F.
Ex.o.mpl_e

3
X
J&zdlz —g‘ + ¢

- We can  find Many indefinike .lnkesra.l.f
g{:(x-) dae b9 rcculkinﬂ Ehe function F (x)
such (:lr\a.lT F'C)C) = 'G(x) Q.g,

Sc_osxd.x = Sin X+ C.



