Thverse 'Fumc,l:ions

- A funckion ‘FCI_) Lakes an ;npu.l,', x,
3'1\/4 an  oubpub , Y-

- 1bks  inverse, 4‘"(9)/ Cells ws the
oC we shoul d inpul o the function
y,k' o given ow b put, U

- VJt Con

Mlv define the
one- Eo-one

inverse of
functions which never Siw.
Ehe Same ou.l:pu,l' for different values
Ehat  is, B(x) # Flx,) uwhen a2, 7% x,.
Any herizontal line drawn H\rousk Ehe
srmph of a  one-Es-one Funckisn wild
intercept (b Oﬂlb once.

E scam ples

Yy P flx) = x
ittt tabhd S x ¢ IR
\/
X one- to—one
y
ST O N S ﬁ(x) : x?
> € R/ net
> one - to- one.
by &
Definikion ket Ehe ftunckion £ be one-Eo- one
wikth domain X and Fange Y. Then, b5
inverse funcbion has domain Y

and range X

V&luc

0“: ;(,:’



and 15 defined 53
‘P-‘(a) = X ‘For an9 3 € 7’

G(ra.ph ot  Ehe inverse

- 14 £(a) = L, then £°'(b) = a4
- This means khat, ¥ (o, b) 15 on the graph
ot ‘Fﬁx), then (b, e) 15 on Ehe ar'a.ph of

£ ().

= Then, Ehe araplﬂ ofF £ s found b\lj
renclec[:inj the 5ra.ph of F aboutl y = x.

—

Fumc,l:ion_( H\a.P are nol- one -~ Eo-ont Can be
node  So ‘03 rcsEricEinj their domain.

e 9. fx) = x* can be made one-to-one by
rcs(:r}ckinj iks  demaun Eo L 0, o) |
.97




Calcu‘.a,l.'ing Ehe inverse

@ Write Yy < ‘F()L)
@ Selve Fhis quma.l:ion fFor x in termsy of Y-

@ If reluireil ;nkcrchanje x and 9 Lo
ex press f- as a Function of X Y = -('"(x)_

Inverse kgperbolic Lunclions

Given Ehat sinh x = &x_ Q—x, £l-f\o{ J'.lhl\“x..
2

WFiE£ (j o stn h X
N -L

tj = e - e

2 X

2yg= ¥~ e

and &1’2\19 _&—x: o

2
So tx‘29&x—|’

o

X

This 15 a q’u,o.dra.l:ic I'n e with solution

&xrivifQ3z+q < ai‘/ﬂa.‘.]

2

so  Ehalt x = Lv\(gi\/32+'\).




Since Y 31"’ 1> 9, and we cannol Eoke Ehe
loaa.riHm ot a n&3a.['iva numlaz.f‘, we nusk
Eole the posikive rool:/ soe Ehat

> Ln ég + 914— 1)
and  sinh x = In (x + \/;r,"+?)

Maximum and minimum valuer of funckisny

- We  distinguish absolute , or glabal , maxina

on d niniMa from local moxima and ninima.

Definibion Letk ¢ be a number 1n Ehe domarn
D of a Ffunckion + . Then, $(o)
s Ehe

- absolute maxinum velue of £ on D ) F
f(e)y 2 $(x) for all 2 in D.
- absolube minimum  value of F on D i

FCe) & F(x) for all x in D.

= Local maxima and minina are defined 4p
small inkervals  rakther Fhan Ehe whole demain.

Defini tion The number F(c) s a

= Jocal maximum value of £ if £l 2> f(x)

wt\e,n X is neor c.




local wminimum walue of & if £(o) & £y
when X S neaor C.
Note ever absolukbe Madx1 Mum (,ar m{m-mum)
also sakisfies Ehe definibion of o local
maximum (or Miniw\um).
- N\ ab.SoLu.l'c (o.nd LOCAI)
[:x,ompl& max\nuf
—_— MadiMuUum
aESo‘.u.'.‘e. Cand Ldocal) mMminimunm
Fu,rl:har ?_.)Co.ﬂple_s
@ flx) = 5in x Fokes on tts  absolute
(and local) moximum and minimum  values
'ln{;inifcfg Many (:'imes, ot inbervele of 2.
@ g(x) = x*
y N (
g (0) is Ehe abrolube y =9t
Cand Local) minimum .
voalue. There 15 no 7 x
absolube maximum.
N abe - MocimuMm  and Minrmum values are often
called exckrema or exbreme valuer.




The exckreme  value Eheorem

L+ £G) s continuous on a  closed iaterval
La, b] , Ehea 1E  has an  absolute maximum
value f(c) oand oan  obsolube minimum value

£(a) abt  some numberr ¢ and d  in [ a,b]

/\ mn
3J\ Y '\/
3 — — x
o d c b a Ao b

c=b

-~ Extreme values can  occur ab  Ehe endpoints
o £ the inkterval , Qs well ag ol pao.k;
ond &roujhj.

Fermab's Eheorem

1+ £ (o) has o  local exckremum  (i-e.

MAXIMWUM  or Min)Mum vaL’.uu.) al c, and

£ (o) Q)LiStS, then f'(e) = 0.

Exampl_e Show Ehat, of alL reckangles Wikh

Ehe Sam e per hLEer/ Ehe square
has _m.n.x.i_n.u.m_a;;\a‘
A y erea. A = .I_j
Partme.l'er p - 21_ +4 Zj
v The perimo.l:e_r LS I ixed
< X >



Eo a value p this s called a
conskraint . We wank Eos Find Ehe Maximum
value of A Ffor o givean p.

F'trsH.(ol we wuse H'\-e e.q’u.a.,‘:l‘ov\ ‘For p %,‘o
wri ke Y n terms of x . Y = p - 2x

2

- \4\/& H'!-U\ SULBJHEDL[’C L'LHI in H’\e e_);_rre_j;;ay) 'Fof‘
A t o find that

A = x.(p—lx) = px — xS
Z 2
- We now find dAjdx and sebk ik Eo 0, o
Ehab p — 2x = 0O,  and
2
x= p , 9= p-20p) = p
B 2 Lt

Qnd We |no_vc a saU,La..re.

- WL Can Cor\‘Fir‘M E’L\a,lf H’l[: ;S a MaXimum

by noEinj Ehab d*A = -2 <0
dac?
-~ This K on example of an PPEimiIaHOY\

problem with @& conskraint

To $ind the absolute maximum gnd  mMinimum
Valu.e.c O'F a Conkil\uou ‘Fun(.é-im on [} closed
inkerval La, b]/ We



@ Find the volues of § ot Ehe sﬁo.l:icsnanj peinks.
@ Find Ethe values of £ abt o and b.

@ The  absolute moximum and  minimum  values
are H\C ?a.rgesb and smallest Va.[u.eS

Fcrpac(:)ualy from s[:e.p: @ and @

Example Find Ehe absolubte maximum and

Minimum values of f(x) = 3x* -12x + 5 4n

[ 0, 3], Sivinﬂ a \')usEiFica.E'con o f your answer

—~ The Fuackion 1§ conbinusus on Ehe 9}ve4
in\‘:f.f‘\lal/ and (ks abrolute maximum and
Minimumn will eech occur et a Sl‘a@ionaw
point or an endpoint of  the inkervdl.

O )= €x- 12
-pl(x): 0 ot x = 2, and
F(2)y: 3x 2 - 12x2 +§5 = -7

@ At the endpoints, we have Ethat f(0) = 5
and  £(3)= 3x3* - 12x3 +5 = -4

@ The absolute moximum 15 5 and Ehe

absolute MIiNlmum 1 f — F.

Crikical poinh

Definition A cribical  point of o funckion




18 any value c 'n iks  domain  where

£(c) = 0  or £Cc) does nost  exist.

Excam ple : Find the critical points of
flx) = xz/j(l-x). We have Ehat
FGoy = x® - x7B 56 Ehat
£'(x) = _—g__ x,—',s - E x2/3 = 2L - Sx

3 3 3l

£ (x) s 0 ok x= 2/5 and dses not
exist ot x= 0. These are Ehe two
(_ril:iCal poinh ote 'F(:r.)

Notes

- IF -f'(c): 0, there 15 hok nccusa.rily a

meXximum  oOrF M mum value of + ot
E xo.Mpl_c : I+ Flx) = 8 , Ehen T 0) = O/ but
H'\e.re, 'IS ne ex,EreM/e\ value.

|/

—

\
4
- .

= There Mmay be an extremum tven when 10'(;()
does not exish



Example 7 Flx) = |=]

> X
Rolle's Ehesrem
Suppose Ehat £ I f continuous on [Q; b]
and  differentiable on (a, b) . L4 £(a) = F(b)
Ehen Chere must be al  least one number ¢
In v, b) swch Ehak £eCe) = 0,
N AN N\
N U B I Y
——t+—> ————t— : 5
o cC b x a C, Ca b X (/8 b X

® @ ©

Case @ ‘' ene psint where +'= 0.
L @ o two poinl:r where T°: 0.
@ o f2 0 evergwhere in the interval,

Mean value €heorem

Suppose  Ehat £ 15 conbinuous on [ a, b]

and  differentiable on  (a, b). Then, there exists

ot least one number ¢ in  (a, b) such that
F'le)y = £0b)- fa)

~ b - a

f | B y = F(x)
fa)F-- A :




Ts wnd ers Eand Ehe Mmean value (':he_orer\, nete that
Ehe equakion o  Ethe Line A8 s

9(::.) = f(a) + (x-a) £0b) - ()
b- a
The difference between Ehe curve  and the Lline 1s

h (%) = F(x) - 3(1) = $(x) - Flo) - (x-a) £ () - fa)
b - a

Since Ehe curve and  Ehe line interseck ok
A and B, h(x) = O ok  beth of Ehese
points. We can Ehen apply Rolle's theorem,
wl'\ic.b\ {'e“.r w’s that l‘\'(.x) = 0 1cor at

least  one poir\E c bebween A and R.
D]@fere.nl:(o.l.-ing k(x), We find Ehat

h (x) = F9UCx) - f0b) - f(a) .
b~-a

Since h'(c¢) = O, we have that

Fi(e) = F(b) - £Ca) the mean value

b - a Eheorem
Inkervals of increase and decrease
Definitisn Suppose Ehat + is  continuous on an

inkerval 1, Then , £ IS an increasinﬂ



function 'I‘F, for every pair  X,, X, el ,
where x, < x, , We h ave Ehat flx,) < f(x)
Conversely, F is & decreasing funckion ¥,
for every parr x,, x, € I, Where
we have Ehat F£(x) > f(x,).
Then, For difterentiable

(O 15 £9(x) >0 for all

s Ilncreas:n on the intervael TI.

@ 1t 20 20 for all x € I, Ehea £ s
d&creasinj on Ehe iakterval 1.

Proot of (O (@ is proved

X, < 1_2,

fuactions ,

X EI, Ehen f

-

s}mi,la.rly)

“The funcbkion is differentiable
we  can a.ppl(9 Ehe mean value
Eells  ws that  Ehere s
SwCh Ehat

Eheorem, which

o Number ¢ e—(a., xz)

-C'(c) a 'F(xz)" f(x,)
x, - X,
We lenow that ‘Fl(c) 20 and thal X, - X, >0.

Tt Ehen follows Ehat -(:(x,_) - {l(x,) >O, so Lthat
P(Xz) > 'F(x-|>

Since this argumu\{' can be applied ko any
parr  x,, X, E I : x < x,,

Ehaet $ 15

we ha.vt J)\oum
'lncrc_a.siv\j oh Ehe interval 1.

To +Find FEhe inbtervals of
For a Funckion f(x)

Increase or decreose

on i1ts doemein D, we



® Find the critical peinks of £ (and
OE»\&F’ Poinb." Uhcrc ‘F, togy ml’ ui:l—, 8—31
x = 0 for Flx) =1 )x)

@ Divide D inko sub- intervals wibth endpoints
ot Ehe se Poinbj.

(®  Check  the sign of £ within each
subi nterval,

@ 14 £'>0, Ehen £ i lnCreaJinﬂ on that
ynterval | 1+ £ Co, then ¥ 1S

decreas vxﬁ.

Exampl_e_ De(:ermine Eke \néerva.l.r O'F
and decrease  for Flx) = x® —3x? + 2 x €R,
@ Find Ethe critical points of F
Flx) = 3¥Ix? - €x = 3Ix(x-2)
This exists for all x e R, and
F'Cx) = 0 bt x = 0 oapnd x:= 2,
@)  We divide the domain, R, into Ehree
subintervals : (-o, 0), (0, 2) and (2, o).
@ We now  choose a  psint 1n  each interval,
ond chechk Ehe sien of ' ot that Po]nl’.
£r-1)= a4 >0, (1) = -3 <0 and
t°(3)= 1 >0.
@ So, £ s ;ncrc_o.sinﬁ on  (-o, 0)
o\ecreasing on (o, 2)
and increasing on (2, ) .

Iincrease



Class'lf-ginj cribical  pointsr a5 local mMaxima  or

Mminima

U_Sln\g the First  derivabive

Suppose  Ehat £'Cc) = O for some ¢ € (a, b) . Then,

@ it $(x) 20 on (a, ¢) and f9%x) <0 on
(c, B), then € has a  local maximum okt

X = C.
Y Te'topo

f(x)< O

N
/7
C b o

@ £ F’(x) <0 6n (a, ¢) and F'(x) DO on
( ¢, b)

xz (C.

p then F has & local minimum ok

£(x) >0

N\
7

x
@ £ F'(x) 0 on (a, c) oand £(x)20 on
(c, L)/ or -F'(.\C) <0 on Ca, C) and
£'(x) < 0 on (e, b), Ehea £ has

nei Eher o local MmaxXximum Nor a lou.l

Flx) <0

Minimum alt X - C.



J /-f'(x))O

e

Gx)>0

WV

Concav':lzﬂ_

Definikion Swppose Ehat the funckion £ s
differentiable en x ¢ (a, b). Then,
@ W F {:'(x) 15 increas}nj on C(a, b), Ehe 3ro.pl«

15 concave wpwards on  (a, b).
@ o F) s dec reasin9 on Ca, b), the
grkp‘\ s conceve downwards sn  Ca, b),
AN M
b/ 9
> >
oC xX
Concave wpwards: curve Concove downuerds:
lies  above (ks Hm&e.nk ab curve belou Pangent.

all poin{: in  Fhe interval

Te&tinj fFor LonCav{Eﬁ_

Su,ppou that Ehe funckion £ (x) ls FEwice
di fferentiable on x e (o, b). T hen,
@ if £ (x) >0 for all x ¢ (a; b), then

the graph of 4 (§  cencave wpwards on

(a, b).



@ £ fls) <O £or all

x e (a,b), Ehen
the 9rapk of ¢ 1¢

concave downwards

(a, b)
£ canple 9 /
I £(x) = X’ . Ehen £'(x) = 3x%
ond {2 = 6 x

- For x <0, £ (x) <0 and F
downwards.

© e x 20, £7(x) >0 and ¥

on

) concave

[ Concave
u,p Waf‘ds.
Poinks ot inflockion
Definikion: Suppose  that  the funckion f(x)
(s conbEinuows on  an inkerval 1. 14 Ehere

is & point P e T where Ehe 3ro.ph chanﬂes
from concave  wpwards Eo concave downwerds
(or vice-uersa,)l then P £ an itntlection

Poln}: o f £



9/\& 3/\\*1 y T (
A\ _

X < N
horizonkal (‘:a.z\gent
At «o poinlﬁ ot ir\HecHon, the curve crosses iks l:ang&nl:.

\\N 4

Second derivaetive Eest  For moxima aad minima

Swppose  that Ehe fuackion £ 15 conbinusus neer =xzc.

Tken,
@ P = 0 and  £"(c) >0  then £ s
@ locel minihum ok C.
@ it T'():= 0 anda F7(c) < 0  Cthen £ has
(] local maximam ol .
yn\ l 9/\. '
\/ F(c)=0 /\ f'(a)= 0
£ 0 L) < 0
7 >
1600.1 Min, Concave Wwp local naex, Jf:onca.ve dowr
Note : Ehis test Fails when F£°(c) = 0, sr
does nopt exist.
Example : Plx) = x' has a  lecel minimunm

x = 0 but {1"(1) = 0 here.

et ,



