
Inversefunctions

- A function f- (x ) takes an input , x , to

give an output , y .

- Its inverse
,

f- ' ( y ) , tells us the value of

x we should input to the function to

get a given output , y .

- We can only define the inverse of

one - to - one functions
,

which never give
the same output for different values of x ;
that is

,
f- (x , ) ≠ f- ( x2 ) when x

,
≠ Kz .

-

Any horizontal line drawn through the

graph of a one - to - one function will

intercept it only once .

Epleˢ f- (x ) = ✗
3

" c- *

a one - to - one

fix ) = x2

x E IR
,
not

one - to - one .

0C

Definition Let the function 1- be one - to - one

withdmain ✗ and range Y
.

Then
,
its

inverse function has domain Y and range ✗



and is defined by

f-
' ( y ) = × for any y c- Y

.

G-raphottheinverse-T.tt
/ a) = b

,
then f- ' (b) = a

.

- This means that
,
if Ca

, b) is on the graph
of f- (x )

,
then ( b

, a) is on the graph of

f- ' ( x) .

"
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f- (x)

x

- Then
,

the graph of f-
'

is found by
reflecting the graph of f about y= x .

- Functions that are not one - to - one can be

made so by

re-strirrgtheirdonain.e.gefloc ) = x2 can be made one - to - one by
restricting its domain to [ 0

,
a)

.
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.



ca-tuatingtheinverse.IO
Write y

= f- ( x) .

② Solve this equation for x in terms of
y .

③ If required , interchange x and y to

express f- ' as a function of x : y= f-
'

(x )
.

t.n-ersekype-bi-u-i.ggGiven that sinh x = e
"
- e-

"

,
find sinh

_ '

x
.

Write y = sinh x

y
= e

"

- e-
"

2-

2y= e
"
- e-

"

and e
"

-2g - e-
"

= 0

so e
"

- Zye
"
- I = 0

This is a quadratic in e

"

,
with solution

e
"

= 2y± = y±✓yÑ

so that x=ln(y±✓yI) .



Since > y , and we cannot take the

logarithm of a negative number
,

we must

take the positive root
,

so that

✗ = lnlytiyt )

and sinh
"

x = In ( x + ¥-1 )

Maximumandminimumvaluesoffuncti.org

- We distinguish absolute
,
or global , maxima

and minima from local maxima and minima
.

Definitions Let c be a number in the domain

D of a function f. Then
,

f- (c)

is the

- absolutemaimumaue of f on D if

f- (c) ≥ f- ( x) for all × in D.

- absolute minimum value of f- on D if

É x in D.

- Local maxima and minima are defined on

small intervals rather than the whole domain
.

Definition The number f- (c) is a

- local maximum value of f if f- (c) ≥ f- ( x)
whenxi.sn#



- local minimum value of f- if f- (c) ≤ f- (x)
whenx c.

Note : every absolute maximum ( or minimum )
at satisfies the definition of a local

maximum ( or minimum ) .

^
maximum /

absolute ( and local )
toample maximum

#
absolute ( and local ) minimum

Furthepies

① fcx ) = sin x takes on its absolute

( and local ) maximum and minimum values

infinitely many times
,

at intervals of 21T .

② g( x ) = x2

)y=glx)g
( O ) is the absolute

( and local ) minimum
# x

value
.
There is no

absolute maximum .

_

Note : maximum and minimum values are often

Fated extreme ,
or extremevaues .



Theesctremevaluetheorem-tffcx.is
continuous on a closed interval

[ a
, b) , then it has an absolute maximum

value f- (c) and an absolute minimum value

f- (d) at some numbers c and d in [ a
, b)

.

yn yn
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c. = b

- Extreme values can occur at the endpoints
of the interval

, as well as at peaks
and troughs .

Fermat'stheorem_

If f- (x ) has a local extremism ( i - e .

Maximum or minimum value ) at c
,
and

f- ' (c) exists
,

then f '

(c) = 0
.

Example show that
,
of all rectangles with

the same perimeter , the square

has mam_arGa .

Area A =

xyA 19 Perimeter p
= 2x + 2g

The perimeter is fixed



to a value p : this is called a

constraint . We want to find the maximum

value of A for a given p .

- Firstly
,

we use the equation for p
to

write y in terms of x :
y

=

p
- 2x

2-

- We then substitute this in the expression for

A to find that

A = x( p
- 2x ) = px

- x2

2- 2-

- We now find dA / dx and set it to 0
,

so

that 1
- 2x = 0

,
and

2

= p✗ =

,

, y =

p-22(p/4)_ y
and we have a square .

- We can confirm that this is a maximum

by noting that d2A = -2 < 0

DI
- This is an example of an ptimisation_

problem with a constraint
.

-

To find the absolute maximum and minimum

values of a continuous function on a closed

interval [ a , b]
,
we



① Find the values of f at the stationary points .

② Find the values of f at a and b.

③ The absolute maximum and minimum values

are the largest and smallest values

respectively from steps ① and ② .

Example find the absolute maximum and

minimum values of f- ( x ) = 3×2-12×+5 on

[ 0
,
3 ] , giving a justification of

your answer
.

- The function is continuous on the given
interval

,
and its absolute maximum and

minimum will each occur at a stationary
point or an endpoint of the interval

.

① f- ' (e) = 6×-12

f- ' (x) : 0 at ✗ = 2
, and

f- (2) = 3×22 - 12×2 +5 = -7

② At the endpoints , we have that f- ( O) = 5

and f- (3) = 3×32 - 12×3 +5 = -4
.

③ The absolute maximum is 5 and the

absolute minimum is -7
.

Critical points

Definition A critical point of a function



is any value c in its domain where

f- ' (c) = 0 or f- ' (c) does not exist
.

Example : Find the critical points of

f- ( x ) = ✗
2/3 ( I - x) . We have that

f- (x) = ✗
2/3

- ✗
513
,

so that

f- ' ( x ) = 2- x
- 113

- 5- ✗
2/3

= 2-51
3 3 3×113

f- ' (x ) is 0 at ✗ = 2/5 and does not

exist at x= 0
.

These are the two

critical points of f- ( x ) .

Notes

- If f- ' (c) = 0
,

there is not necessarily a

maximum or minimum value of f at c.

Example : If f- (x ) = x
}
,

then f- '( O) = 0
,
but

there
_

is no extreme value
.

#x

- There may be an extremism even when f- '( x)

does not exist



trample f- ( x ) = txt

¥
.

Rolléstheorems

Suppose that f is continuous on [ a , b ]
and differentiable on ( a , b) .

If f- (a) = f- (b)

then there must be at least one number c

in ( a , b) such that f- ' (c) = 0
.

Yf y
'

'

f-_•i•i.i-i.in/..-- - - - - - - -

→ →
a C b xÉ a bx

① ② ③

Case ① :
one point where f- ' = 0

.

" ② : two points where f
'

= 0
.

" ③ : f-
'

= 0 everywhere in the interval
.

meanvaluetheore.ms
appose that f is continuous on [ a , b)
and differentiable on Ca

, b) . Then
,
there exists

at least one number c in La
, b) such that

f- ' (c) = f- (b) - f- (a)
Ta

f- (b) y
= f( x )

x



To understand the mean value theorem
,
note that

the equation of the line AB is

g ( x) = f- (a) + ( x - a) fCb)-f(a)_
b- a

The difference between the curve and the line is

h ( x ) = f- ( x ) - g ( x)
= f(x) - f- (a) - ( x - a) f(b)-f

b- a

since the curve and the line intersect at

A and B
,

h( x ) = 0 at both of these

points .

We can then apply Rolle 's theorem
,

which tells us that h '( x ) = 0 for at

least one point c between A and B
.

Differentiating hlx )
,

we find that

h ' ( x ) = f- ' ( x ) - f(b)-f(a)_ .

b- a

since h' (c) = 0
, we have that

f- ' (c) = f(b)-f : the mean value

b- a theorem

Intervalsofincreaseanddecrease

Definition suppose that f is continuous on an

interval I
.

Then
,

f- is an increasing



function if
,
for every pair x , , xz

C- I
,

where x
,
< xz ,

we have that f- (x, ) < f- (x2)
.

Conversely , f- is a decreasing function if
,

for
every pair x ,

, Kz C- I
,

where x
,
< Kz

,

we have that f- (x, ) > f- ( x2 ) .

Then
,
for differentiable functions ,

① If f- ' ( x ) > 0 for all × c- I
,

then f-

is increasing on the interval I .

② If f- ' (x ) < 0 for all x e I
,

then f- is

decreasing on the interval I
.

Proofof①_ ( ② is proved similarly )

The function is differentiable on ( x
, , x2 ) , so

we can apply the mean value theorem
,
which

tells us that there is a number c c- (x
, , x2

)

such that

f- ' (c) = f- ( x2 ) - f- ( x
, )

We know that f- ' (c) > 0 and that xz - x ,
> 0

.

It then follows that f- ( x2 ) - f- ( x
, ) > 0

,
so that

f- ( x2 ) > f- ( x
,
)
.

Since this argument can be applied to any
pair x , ,

Xz C- I : 2
,
< Kz ,

we have shown

that f is increasing on the interval I.

To find the intervals of increase or decrease

for a function f- (x ) on its domain D
,

we



① Find the critical points of f- ( and
other points where f ' does not exist

,
e- g ,

✗ = 0 for f- ( x ) = 1 / x )
② Divide D into sub - intervals with endpoints

at these points .

③ Check the sign of f ' within each

subinterval
.

④ If f ' > 0
,

then f is increasing on that

interval
.
If f ' ( 0

,
then f is

decreasing .

Example Determine the intervals of increase

and decrease for f- ( x ) = x
}
- 3×2+2

,
x EIR

.

① Find the critical points of f

f- ' ( x) = 3×2 - Gx = 3x( x - 2)
This exists for all x c- IR

,
and

f- ' ( x ) = 0 at x = 0 and ✗ = 2
.

② We divide the domain
,
IR
,
into three

sub intervals : ( - a
,
0 ) , ( 0

, 2) and ( 2
, a) .

③ We now choose a point in each interval
,

and check the sign of f ' at that point .
f- ' C- 1) = 9 > 0

,
f' (1) = -3 < 0 and

f ' (3) = 9 70
.

④ So
,
f is increasing on C- a

,
0 )

decreasing on ( 0
,
2)

and increasing on ( 2
,
a) .



Etassifyingcriticalpointsaslocalmaximaor
minima

usingtᵗ
.tme , e ( a

,
b)

.

Then
,Suppose that f- ' (c) = 0

① if f' ( x ) > 0 on ( a , c) and f' (x ) < 0 on

( c
, b)

,

then f has a local maximum at

✗ = C.

' °

→
C K

② if f- ' ( x ) ( 0 on ( a , c) and f- ' ( x) > 0 on

( c , b)
,

then f has a local minimum at

✗ = C.

;
x

③ if f- ' ( x) > 0 on ( a , c) and f' ( x) > 0 on

Cc
, b)

,
or f ' ( x) ( 0 on Ca , c) and

f- ' ( x ) ( 0 on Cc
,
b)
,

then f has

neither a local maximum nor a local

minimum at ✗ = c.



f- ' (x ) > O'

É
x

Conty .

Definition Suppose that the function f- is

differentiable on x c- ( a
, b) .

Then
,

① if f- ' (x) is increasing on Ca , b) , the graph
is concave upwards on ( a

, b) .

② if f-
'

( x) is decreasing on Ca
, b) , the

graph is concave downwards on Ca
,
b)

.

y^

#
"

¥
.

Concave upwards : curve Concave downwards :

lieaboe its tangent at turbofan gent .
all points in the interval

Testing y .

Suppose that the function f- ( x ) is twice

differentiable on x c- ( a , b) .

Then
,

① if f-
" ( x) > 0 for all x c- ( a , b) , then

the graph of f is concave upwards on

( a , b) .



② if F'
'

( x ) 40 for all x c- ( a
,
b)
,
then

the graph of f is concave downwards on

( a , b)
.

Example

*.
x

If f- ( x) = ×
}

,
then f- ' ( x ) = 3×2

and f-
"

( x ) = Gx

- For x < O
,
f
"

(x) ( 0 and f is concave

downwards
.

- For x > 0
,

f-
"

( x) > 0 and f is concave

upwards .

Pointsofinflection

Definition : Suppose that the function flat

is continuous on an interval I
. If there

is a point P c- I where the graph changes
from concave upwards to concave downwards

( or vice - versa)
,

then P is an inflection

point of f.



¥
.
¥

.
#

K x x

horizontal tangent
At a point of inflection , the curve crosses its tangent.

secondderivativetestformaximaandminimasuppose.tn
at the function f- is continuous near x=c .

Then
,

① if f' (c) = 0 and f- " (c) > 0
,

then f- has

a local minimum at c.

② if f- ' (c) = 0 and f- " (c) < 0
,
then f has

a local maximum at c.

yn yn
f'(c) = 0# f' (c) = 0

f-
"

(c) > O f "( c) < 0

x x

local min
,

concave up local masc
,
concave down

Note : this test fails when f- " (c) = 0
,
or

dots not exist
.

Example : f- ( x ) = x
"

has a local minimum
# -

at x = 0
,

but f- " ( x) = 0 here
.


