ConE'anth'j and di#garenbiabilikﬂ_

/Iheorem I-F a -Fu_nc,(-icn IS di‘F‘Ferenl'fa.ble O.E

5, Ehen ik ts  continueus ot .
To  prove  conbinuiby ot x,, we need to show
that  Lim £(x) = £(x,), 1-e. FEhat
xHX,
J,l'M 'F(I,-l— h) < ‘F(JL,,)
W0

Proof Suppose  that  the funckion flx) s

differentiable on an open inkerval
coy\Eaininj Che point X, We then Enow
Ehat the derivabive

10'(1,) = lim {:(ac.+ k) = -F(x,)

h-0 h

exisEs. We now consider Ehe new [lim:t

Lim [ f(x,+h) - '{:(I‘,)} x h

h20 N

and write (E in  Ewo Ways.

h-0 )\ ha o

Firstly, we write lim [ fx,+h)- L(x,)}x“m h

(59 the product rule For l;mitr)



= F(x.) lim h = O

h-o

Since we are 3iVen that ‘F((xa) exists (a_nd_
does net diVerge, become (ndeterminate e_Ec.)

Secondly  Lin [£(1.+h) - #cx,)JL

h->0 1\

Lim [ F(x.+ h) ~ F(x)]

h>0

Eq’ua,l:in\, Ehe tws resulks:
lim | $Cx,+h)= £(x.)] = O

h=o0

o.nd lim $(x,+h) = £(x,)

h-0

3o H\al: Ehe function | 5 Cor\binuouj ol X .

Conkinuous non- differeakiable funckions

- D'lH:P_renHa.bi“b& implies  conbinuity — bulb continuity
does nok  imply di”’aren&iabiliéﬂ.

Y y= £(x)
= x|
? 2
The absolube volue Funckion 15 continuous ok
x= 0. However, if we Ery to evaluate 1Es

derivakive here, we +find FEhat



lim  f£C0+h) — £(0) = lim |hl c Lim =K = -1
ho0° N N h hsom T
ond

Lim '(:(O+M ~ £ (o) ]im |h) = Lim L: ]

h->0* h hoot h h>o* |

Since  Ehe Jeft- and riaht-sided Limibs are

di {"{:chnf/ lim £ 0+h) — £(0) does not exist
hao h

and F(x) s nok differentiable abk x = 0.

Rules for differentiation

Swppose that F£(x) and g(x) are differentiable

funcbions on  an open domain. Then,
® 4 [ « 10(1)] = (), where ¢ is a
dx constant
@ d [ £Cx) ¢ 9(JL)] = f'(x) = 9 (x)
dx
@ %ﬁ [ f(x) 9(1)] = ['(x) glx) + £ (=) 3’(1)

CEhe product rule)

roof Idi [ £(x) 9(x)] = lim Fla+h)glerh) ~ 9

h0
h




€]

lim £(x+h) g(x+ h) = £(x) g(x+h)+ #(x)g(x-}h) - P(x)g(x)

h>o0
h

Lim [ $Cxsh) - $(x)] a(x+%)

h =
>0 h

4 hm £(x) [ glx+h) ~ 9(0)]
..)o )—\

£(x) glx) + f(x) 9'(1)

L &

Example 1+ y: xe , Ehen

dy < _é_(x)e,x+xie
dx dx dx

2L X
= e + xe

® 4 [Ft)] = +'(9(x) 9
dot

Proof (Y\OE valid for all -(:uu\c(:ions>

L [ FCq00)) = Lim #(gCx+h) = £(q(x)
dx h>o L

= |im {-ﬁ(g(xﬁk))" —F(gtx)) X g(x-}h) - g(x)J
h o 3Cx+ h) = g(x) A

- dim [ £ (g(x+h)- Hgtx))}x 1im[3(x+h> —9(>«)}
h-o0 9(3(_4_;\) — 5()0 h>o A




(Produ.c{' rule For Limits)
= Fr(g(x) ¢(x)

For o Ffuller explanabion, see T. Stewart,

Alternakbive notakion : i F Y 15 a £ unckion
o F n end @ s o  Ffunction of x t hen
dy - dy du
da du dx
Exampl_& Differentiate l

edcp (—-DCZ/Z)
(24
(H\e normal distribubion)

Hera, wlx) = —12/2 and 9(u): :

-{—_2—; eXx p (u)
dy - dy du = _’l_e_u~ (-x) = - X e’—x/z
T o At (24 (2
@ d [f(x)] : -C'(x)s(x,) - -FCx)g'(x) For 9(,;,);{ 0
b | 9(x)

[ 9(.)1’.)]z
( Ehe q’uol'ie_nt ru.le_)

Exa.mplf;: Differentiate Y =

x? 4+ x -2
x* + 6

Co.l(‘_u.lm.s)



gl
(1

—
-—

£7(x) glox) = £(x) 9'(x)

[901)]2
(2x + DX+ §) - (x? + x- 2)(3x2)
(! + €)°

L_o 9U‘iH’1mic differentiabion

com

T

his s a technique For di{:\cerenéiab(nj
plicated produckts or quotients of fandions

- LE 15 relaked Eo f_mplicit’ differentiabion.

Recall: Eo  £ind dg/ dx  when ( for
exxample) x? 4 (;92 = 25, we differentiate
both sides o Fiad

214—2\9(19 = 0
dx

(whe,ra we have used the chain rule on Ehe
second  kerm  with y as the inner -Funcbion>

and d9 = X
dsc Y

- 1n losa_rithmic differenbtiakion , we Le?)fn

by
the funcbion to be differentiakted. We then

O

wril:inj y = -F(.x.)/ where f(x) s

Take nobwral [obmribhm: oF both s'noles/
an d Simp[i{:ﬂ In (£(2)) us;nj the laws

l Oga.r;l:l\f"‘.f‘.

o f



(i) Ln  Cab) = ln o + In )
(ii) l.n (a.]b>= lna - ln b
(i) Ln (a7) - rln a
@ Differentiate  bokh sides of the equakbion
with respect to o,
@ Solve  the re,.swUrinJ equation €or dy Jax .

Example Differentiake £(x) = 2% sin x
cos 2x
Wrikte Yy = x? sin x , and
cos 2x

D Take Logarithms of  both sides:

kn 9 < Ln(_xz) 4 )_n (Sin DL) -'lr\ (c_og 25(.)
= 2 Lln x + In Csin x) — In (ces 2x)
@ Differentiate both sides with respeck to x:

_L ly = _2; + Cos x — 1 (-2 5in 2)
Y Zc X Sin = cos2x

@ Solve for i'j /dy_ (and S(Mpli{zg):

H: (ﬁ[_l_-l— cst x + 2tan2x
dx x
= x® sin x[%_ + cobk x 4+ 2tbtan Zx]
cos 2o x

wkere We hava l‘e_me_mberei H\e Or.lgl'/\a.l. 'r'oFMula. FOr 9



Nobabion for higher'order deri vabives

We Eend Eo wse a number in brackels rather
than repeabed primes:

e-9. otqy C FLQ)(L) = TF“V) (x)

dax”




