EValua.l:'inj limits

Direck substibubion

Loxam Ple Evaluate Jlim x"-3x + 2
x-D-) ~x - 2
Subski(:ul-inﬂ x = —| inks Ehe above ea.rress{on
3]2,!.(‘-.! _§_ = "'2 .
-3

lndakcrm}nu%e Forms

What  happens o we E:r:o to calculake

Lim x?-3x +2 bﬂ direck substiltubion 0

x =) 2

x - 2

an indebterminake

We 3@(‘: -6 + 2 =
2 -2

O
0

Porm

l%owev&g we can tactorise the numerabsr Lo 9&b

Jim  x* = 35 4+ 2 = lim C1—2ﬂxr))
-2 . — x=2 x - 2
= lim o -1 = )

=2



Nokte :

Ehe simplification 2= 3x +2 = x -1
x -2
s net valid when x= 2, since 1&  iavelves
division b gero ot this  poink. However, it
s valid arbitro.n".y close to x = 2.
allowinﬂ we Eo  calculake the above Limik.
L ngi‘:al 's rule
OH‘ler’ iv\del:e_rmina.bc limftj Caon be e_valuatcd
usin9 I‘H'Epi(.‘al\: Fule .
Suppose Ehat £+  and are differenbiable
Funcbions , ond thal 5‘(3(.) Z0 on an
ppen inkterval Ehal conbains a. Suyppose Ehat
| m f(x) = 0 and Lim 3(.1)?— 0
x-)a x DA
OR lim £0):z 2 @ and  Lim g(ax) = } e
- a x=a
Then, Iim f(x) = Lim £ °(x)
3¢ Da 5LJ¢‘.) 3¢ q 9( (x)
E.)Car’tp_,f.
l{m sin o = 1im cos o> < L
=0 . -0 ] —{
The sandwich Eheorem (or Squeeze E’keorem)
Let f(x) € 9(x) € K(x) in (a, B)UCH, <)



2D b o =) b
1 m 9(3:.) = B
st b
N e Y= h(x)
B - y = 9l

, \“" ”: 'F[l)\
! Ve

b

Evaluate lim x sin (1])x)

¢ =) O+

We know Ehat Ehe value ot Ehe sine funckion

a!wa,v.s lies betuvean -1 and 1 inclusive, so Ehat
= $ sinC'\}Jc) ¢

Since x>0, we Moy Mul&'iplg this ine_q,ualit-&
H\roujk 53 x Eo 9@.(‘:

-x £ x sin (1]x) € x
This s 'n Ehe form fx) ¢ S(x)s h(x)

Since  Jim £(x) = Jim (=2) = 0

x>0* - 0%
awnd Lim ,1(3(.) - lim (.r_) - O/
x>0t x2 0%

we also have thot Lim 9(;;,) - lim x s{n('lfac_)

xayot x=->0%t



t
(-

\)9 khe sandwich Eheorem.

Limiks 3nvolvinj rational Funckions as 2 9 o

Example I1f  we (rrﬂ Eo calculate

l;m X — 814 b\‘j direct
x20 It 4 SxPr 2000x*-(
Su.losti[:ukion, e arrive ok the

'lnd.e,lre,rm\'na,,:'c 'Fo'-m oo /m )

- To  evaluate Ekis/ we divide both €he numeraber
and denominabosr bg the kis)\e,sl: fouer ot x
(\L.'l'lc le.ad.{ng'order' ferw\) and  Ethen Eake the Jimik,
We have

] im x — 8x!
xde Ty 4 Sx3y 2000 -
= lim o/ xt - 8x*/x"

2 Foatxt o+ Sx?|x*+ 2000 x*[x* - é/:)c.q

[im 1/ x° - 8
x> oo Z + S5lx + 2000/x* - G/Iq

-

()
o
l
oQ
(R)

=S
4+ O -0 -0 7



COnk;nuag9 —informal definition

'Thc Srup% o# o con{inuous funckun cCan Le

drown

withouwt rcmovinj Your pen Trom the peper.

COn&}nuiE9 ab o peint - formal definition

Let f be defined on an inkterval Ehat
includes  Ehe peint a.

f s tonkinuous from the left ot
lim f(x) = £(a).

x = a”

Qa  f

N
/

Sy

f 15 ctontinuous From Fhe rlghf‘ at o o f
Lim £(x) = f(a)

+
2% - G

,--.7"/__\/
>

<

(08

£ IS tontinuous ot @ £ [\ m f(x) = £(a)

XD a

1-e. it lim f(x) - F(“) /’—\\\Q\\\__
and Lim f(x) = F(a) “

7\
x> a+




Example The Funckion with Ehe jra.ply
N . : : _ , .
: : : y = £(x)

\
-/

) 1 2 3 L S £

{s Conl:inuous -Fro:-q H«e Ie_'Ff ok x = 3/ x:Lg and
x= 6 / and conbinuous from Ehe l‘ia”’ a b
x= 3 ond x = 6. Thic means thal (i

conkinusus ok x =z 3 ond xr= €.

'/\_(o pes o'P diS[or\Einu_if:j_

= The discontinuities nb x =) ond 3= 2 are

removable disconbinuitbies - Ehe limits of F
ot x> 1 and x> 2 exist, bub are nob
6q/ual Eo Ehe VOLLLLE.S O'F £ aé’ Hn.
respective poinﬁ's_ ’fhav are celled removable

because f:lu.y can  be removed 53 reieacinlnﬂ
the function ab & Siwﬂle pain{:.
- The Ais(_onl:\'nu..t(‘;g ok =4 S a \Jﬂ\r
diSCon{—inui’:ﬂ.
= The discon{'inu.ikj otk x:=5 is an nfinite
Aisconf:inu'ﬂl:j;




/rasl:inﬂ for Conéinu.'tl:y_

@ Chechk twhether f(x) 1s defined abt x=a.
@ Check w;\e.‘:he,r ll'm ‘F(x) exisks.

=) q

@ Check whether 1im £(x) = {(a).

Xx-a

E)Co.m ples

Deternine whether the Follow{nj Functions are

conbinuwous ak x = 2.

(a,) P(x) < xz_ Ll'
x - 2
This  function s wndefined ab x =2, sy
cannot  be  continuous  there.

(b) 9(1-) = xZ-4 When x # 2
x — 2
Lt when x =2

N ow, 5(1) ts  defined ab x=2. We further
See Ehak

lim  qlx) = Iim x* =4 = lin (x-2)(x+2)

] x-D 2 x>2
x x - 2 > ~x -9

- Lim x + 2 = Ly .

X D2



= 5(;:.) s conbtinuwous b x = 2. This means that
the discon (:inu,'d:j in  f(x) was re_mova.uel ond
was removed 1n 9(1.) L':ﬂ da@inir\\j the function
s&Pa.ra.‘fel\‘j ot X = 2 ;

(_on“nu,i(:g on inkervals
- A func“c)n 1c is COV\(:{nLLouI on an ope_n
inberval (a, b) if it s conkiauwous ak every

Po'\nt I n Ehe interval
"

< o
b
- A funckion f s  continwous on  a closed
mmberval La, b] if ks
- continuous on (o, b)

- continuous From the rialnk ok a

- tonkinuous From Che Jeft ok b,
.’\/.

r ]
L 3

b

- B funckion £ is  continuous on a )mhc*open
mberval [a, b) if it s
- LovxE'lr\u.ouS on (a, b), o_mi

- continuous from Ehe riSH: ot o,
—— 0

r )
L ]

® b



Conkinui‘:j o+ combinalbions of Funckions

Swppose  Ehat  Ehe fuackions £(x) and j(x) are

continuous on  [a, b] and thet ¢ s a red
constant.  “Then,

(D ¢ f(x) 1§ continuous on [a, L]

@ f(x) ¢ SLJC.) ts conbinuous on [a, b]
@ ‘F9 Is conkinwous on [a., h]_

£

is  continuous on [ a, b]

P?ovided Ehat 3(36) £0 Vx ¢ [a, L:)
Suppose  that 9 s continwous abk ¢ and
Ehot F s Continuous at g Cc). “Then, the
composition P(g(x)) 15 conkinwous ab c.

Proof : L ek Y = 5(35). Since S(x) 15
Conki nuous ok c cj-') j(&) a s x 2 C.

Then, |im 'F(a(ac» z Lim -F(a)-

xDcC 43-35(_c)

Since £ s continuous at SCC)/ i m {-‘(9): ‘C(gcC-))
co-)\’CC)
W e then have L m QCS(X.)) - #(5(5))

=) ¢

an d l‘:h-& (Omposi(.'ibn ;S Con’:if\uouf 0-{' C.



The fo“ow[nﬂ "'fﬁf’“ of funckions are continuodus

- e_w.rfo number L h Eheir domains:

= Pol«::)n omials

- Rational Functions

- Root FfuncEions

= Trigomebric funcbions

Exa.mples
@ 3(x) = s = 2x &) it a rabional function
x - F
= {t [ S continuows on itr domain

{xém :JL:I—‘::Z}.

@ h(x) = D-l— ]

x — |1

We can__wrike I'\(DC) = G(x) + H(x), with
Ge () = \[? anad H () = 1 . Then G (1)

x -1
|5 conkinuous on its d.omain/ [O,oo).

H(x) (s alse continusus on itr dowmain ;

i-e-, &v-e.rgwhere/ except ol x=- 1. S'o)
h(;) 1 ¢ Conkinuous on bhe intervals I_D, D

and (\, 00),



Tnkbermediate value Etheprem

1+ £ iy real- valued conbtinuous

Function on [a., b , Hnen) for ever

Pla) $C S FLL), o FU) & CS )

Ehere  2xists of least one ¢ e [a, (o] such that
Pl = C.

£0b)

C
£(o)

Can be u.ua(

§pecial case :

£or rook Findinﬂ_.

1t ¢ 15 conbinuous on [a, b), and +(a)
ond \C(L) have Dpfbs'll‘e siDns , thea Lhe
Cq,uo.l:ion 1{:(3() = 0 has at least one
solubion on (a, b).

Eaca.mPl_e,_

Show l:l'\a,f Ehe P_q_u.a,l"low HZJL-*—\%LS_-I
has  a solubion bebween -~ and O



Leb  £(x) = 1Zx™ - 192" - ).
New £(-1) = 1=2(-D7 - 1a(-1D° -
-1F + 19 -
]
12 (o)T - 19(0)° -
-

n "

=]
S
S
1>
~—
(@
—"
In

Therefore, since +(-1) and £(0) have opposike
s'\sns and f(s) 15 a pol(onomfai (a
continuous tuackion), F(x)= 0 has a solubion

bebween 1| and 0.

(\"”\'\S | 5 called bracieHnJ Ehe roo’c/ and 15

an imporkant £irst :l—ep when Solvfnj e_q_u.a.l:'fon.r

on a Comyul:er.)

Differentiakion

A basic q_u.a.nk'i&& m differeabiel  calculus 15 the
difference ltuol:ie_nt

14 = f(x) is a continuosus Funckion on

the interval [ o, sx], then the average

rake ot L;\(Lngt o f v wikh re..we(,l— Es 2 aw
the 1nlterval [a,, x,J 1§ A\9 = f(x) - £(a)




- The average rake of Lka.nge does pot Eell w3
O-n!:)(:')'\ing a bout Ehe deboils of what ho.ppenecl
bebween Ehe Euwo end poinks.

- 1n C.or\(fras‘:, H\a J-Q.riVa.l:llVe. E&“-S we H\e rq,‘.-e. o'P‘

ckange ot o poinl’.

D'I'H:ere,n{'ia,bi[ikg D'F '("u.f\cl:l'on.f at a Poiht‘

Definikion : difFerenEia.(oilibj_

Suppose Ehat f(x) is defined on an interval
(,ll, b) (,onl.'a.im'nj Ehe po(nt’ X ( e . Q <x..<\o).
Then £lx) s differentiable ot x, i and

Ov\ly ' £ Ehe {:ollow[nﬂ limi}: exisks -

lim £(x.+h) - £Cx).
hoo L,

- 1F  Ehis limit exists, bt defines the derivakive
of f w'l[:l\ Fes'e_c,(: €o x a,l: H‘ne Poin{‘ x,,
written F(x,).

~ The derivabive ab a  point gives the gredient
of  Ethe l:a.nﬂanl: at  Ehab peint.

- Tt gives Ehe instenkeneous rake of chan34 of

F(x) wibth respect o x ok x = x,.

Derivabive ob @ gev\era.‘. poink (from £irst

pro nciples)

Dedinitbign I+ flx) s differentiable ab every



point in its domain, thea it is a differentiable
funcbion . From {£irst pr]nciPJesj the derivakive of
the fanckion wibh respect to x 15
F'(5) = Lim Flx+h)- f(x)
h-0 h
- y= f(x), we write {3y = dy/dx.
E xamples
- 18 f(x) = " F(x) = lim (x+ h)" -x"
h=2 0 "\
n =1 n - n
= dim ox" 4w nx’ he "0, xX"Ph 4+ e K-
h-o 0
h
= lim nx h o+ "C, x Thte ol
h=) 0 }\
R S
h-> 0
n-1
= nx
= This result  can  be used Fo  derive oCher
standard resultbs
de” = £<1+1+£+£+x_"+ .
dot dx 2! 5! L
S AP R
X 30
X

&



51 51 2
z ]-£ +xq~xe+ - ol X
\ 4 é‘)
A Ceor 2) = i<1—£+xq—xc+--->
dx dx 2! U §1
:O-x,+£~xs+ S — sin X
30 5
-1+ f(x) - 1/1/ flx) = lim 1 1 — 1)
W20 x4+ h x
T l;m 1/.)(_ CI+%)> = le_( >
hao lq\ x(x+ h) ho x(x +h)
= lim - ]
h- x(x+h) xz
-1+ ks {2
-FICI) = lim f(x+h) = Flx) = Lim x+ h ‘\/_;
ho 0 K h=o [’\
= lim Vreh = I Jx+h o+ [x
h- 0 h J<+h +/x
= )im (x+)m) - x = |lim 1

20 (fxrh + [x) LI rourm R
| = ’
(x+ [ 2[x




