
Eluating its

-resubstitution

Evaluate 1imEampe
x - ,

+ 2

x - 2

substituting = -1 into the above expression

yields 6 --2
.

-

- 3

=erminate forms

What happens if we try to calculate

himesee by direct substitution ?

We get +2
=

G
:

an indeterminate

form

However
,

we can factorise the numerator to get

/imE+ 2 = him ee
I 1imx- 1 - I

x - 2



⑩te : the simplificationais
- x - 1

is not valid when x
= 2

,
since it involves

division by zero at this point .
However

,
it

is valid arbitrarily close to x
= 2

,

allowing us to calculate the above limit.

trule

Other indeterminate limits can be evaluated

using * plerule .

Suppose that f and y are differentiable

functions
,

and that gi() Fo on an

open interval that contains a Suppose that

him f(x) =
0 and lim g(x) = 0

x - a x - a

OR him f(x) =
Is and lim g(x) = Is

x - a x- a

Then
,
lim f(x) =

im isx -

axx)
Example

lim = im = - I

I

ndwichtheorem Cor squeeze theorem)

Let f(x)ig(x) < h(x) in (a
,
b)U(b

,
c)



If 1 im f(x) = lim h(x) = B
,

then
x - b x -> b

(in g(x)
= B

- ......................y
= h(x)

* en =-g(x)

......................
y =
f(x)

7
-

Example
-

Evaluate lim sin((()
x ->0 +

We know that the value of the sine function

always lies between-1 and I inclusive
,

so that

- I sin(1/x) ? 1

Since O
,

we may multiply this inequality
through by c to get

- x-sin(((x)[x

This is in the form f(x) <g(x) <
h(x)

.

Since lim f(x) = 1im( - x) = 0

x - 0 + x - 0
+

and lim h(x) =
lim (x) = 0

,
x - 0t x - 0 +

we also have that n g(x) =

lim sin(1(x)
x- 0



- ⑧

by the sandwich theorem .

Limits involving rational functions as x - &

---

Example If we try to calculate

lim 3218 x4 by direct
....

x -) & 7x" + 5x + 2000x2 - 6

substitution
,

we arrive at the

indeterminate form - / 0
-

- To evaluate this we divide both the numerator
/

and denominator by the highest power of s

(the leading-order term) and then take the limit
.

-

We have

lim 3218 x4
...

x -) & 7x" + 5x + 2000x2 - 6

I 1 im x/x" - 8x"/"
-

x - a 7x"/x" + 5x/x" + 2000ck" - 6/x *

- lim#- 8

x-) 7 + 5/x + 2000/x2 - 6/x *

I O

-8 - 0

=

-

2



minuityal definition

The graph of a continuous function can be

drawn without removing your pen
from the paper .

cinuityEapermaldefinition

Let f be defined on an interval that

includes the point a.

f is mousfrom the left at a if

lim f(x) = f (a) .

x - a

~ "

X-

A

f is -musfrom the right at a if

lim f(x) = f(a)
x - at

.
-

A

f is at a if lim f(x) = f(a)

i . e .
if tinuous

=

f (a)

x - a

x -> at

x- a -and lim f(x) = f(a)



Example The function with the graph

et sta

8

is continuous from the left at c =
3

,
x = 4 and

x
= 6

,
and continuous from the right at

x
= 3 and x =

6
.
This means that it is

continuous at xc
= 3 and x = 6

.

Iypes ofAntinuity-

- The discontinuities at x = 1 and x = 2 are

removableantiquities : the limits of f

at -> 1 and x -> 2 exist
,

but are not

equal to the values of f at the

respective points . They are called removable

because they can be removed by redefining
the function at a single point .

- The discontinuity at x = 4 is a jump
discontinuity .

- The discon tinuity at x = 5 is an Finite
continue·ty:



testing-rontinuity
--

① Check whether f(x) is defined at x = a .

② Check whether him f(c) exists .

x - a

③ Check whether
im
f(x) = f(a) .

Examples

Determine whether the following functions are

continuous at c = 2
.

(a) f(x) = -
This function is undefined at x = 2

,
SO

cannot be continuous there
.

(b) g(x) =1 When xF2

2 4 when x = 2

Now
, g(x) is defined at x

= 2
.

We further

see that

im g(x) : e= in + e)
x - 2

I lim x + 2 = 4.

x - 2



=> g(cc) is continuous at x = 2
.
This means that

the discontinuity in f(c) was removable
,
and

Was removed in g(x) by defining the function

separately at x = 2
.

minuitymintervals

- A function f is continuous on an open
interval (a

, b) if it is continuous at every

point in the interval
.

eno

-'
- A function o is continuous on a closed

interval [a ,
b] if it is

- continuous on (a
, b)

- continuous from the right at a

-continuous from the left at b
.

·e

-S
a b

- A function f is continuous on a half-open
interval 2a

,
b) if it is

- continuous on (a
, b) ,

and
- continuous from the right at a .

·-0

-
A b



criuityAminationsof functions

Suppose that the functions f(x) and g(x) are

continuous on (a
, b] and that c is A reah

constant. Then
,

① cf(x) is continuous on [a
, b]

② f(x) = g(c) is continuous on (a , b)
③ fg is continuous on [a , b]
④ I is continuous on (a

, b]

I

provided that g(x) = 0 Fxc = (a , b]
⑤ Suppose that g is continuous at c and

that f is continuous at g(c) .

Then
,
the

composition f (g(x) is continuous at c
.

rof : Let y
=

g(x) .

Since g(x) is

continuous at c
, yt g(c) as x + c .

Then ,
lim f(g(x) = lim f(y)-
x -) [ y

+ g(c)

Since f is continuous at g(c), lim f(y) = f(g(c) .

y
- g(c)

We then have lim f(g(x) = f(g(c)
x-) C

and the composition is continuous at c .



The following types of functions are continuous

at
every

number in their domains :

- Polynomials
- Rational functions

- Root functions
- Trigometric functions

Examples

① g(x) = 2x is a rational function

=7 it is continuous on its domain
M
(x = R =

x = 73 .

② h(x) = x +

-

We can writ h(x) = G(x) + H(x)
,
with

G(x) = Mx and H(x) =

2I :
Then G(x)

is continuous on its domain
,
[0

,
8) .

H(x) is also continuous on its domain ;

i -

e everywhere , except at x = 1
.

So
,

I

h(x) is continuous on the intervals [0
, 1)

and (I
,
a)

.



remediatevalue theorem

If f is a real-valued continuous

function on Ca
,
b]

,
then

,
for

every
f(a) < C ? f(b)

,
or f(b)< C -)f(a) ,

there exists at least one cc[a
,
b] such that

f(c) = C
.

----↑
-

7-

Speaseinding:

O This can be used

y

T : 3x#
⑧

If f is continuous on [a
, b] ,

and f(a)
and f(b) have opposite signs ,

then the

equation f(x) = 0 has at least one

solution on (a
, b) ·

Example
show that the equation 17x

"
- 19x5-1

has a solution between-1 and 0
.



Let f(x) = 17x
Y

- 19x5-1
.

Now f(-1) = 17( - 1)
= - 19(-1)5-1

I - 17 + 19-1
- I

and f(0) = 17(0)
*

- 19(0)"-1
- - I

Therefore
,
since f(-1) and f(0) have opposite

signs and f(x) is a polynomial (a
continuous function) ,

f(x) = 0 has a solution

between - 1 and 0
.

(This is called bracketing the root
,
and is

an important first step when solving equations
on a computer . )

Ierentiation

- A basic quantity in differential calculus is the

ferencequtient

If y
= f(x) is A continuous function on

the interval [a
, x) ,

then the average
rate of change of y with respect to on

the interval Sa
, x] is I Sit(a)

s
- ...... · (x , f(x)↑~By
...

iW &-(a))! <
A x

S As >



- The average
rate of change does not tell us

anything about the details of what happened
between the two endpoints .

- In contrast
,
the erative tells us the rate of

change at a point .

entiability unctions at a point

Anition: differentiability-

Suppose that f(c) is defined on an interval

(a
, b) containing the point sco (i . e . a <

. <b) ·
Then

, f(x) is differentiable at sc
,
if and

only if the following limit exists :

lim At-f(x) .

h - 0

- If this limit exists it defines the derivative
I

of with respect to s at the point <201

written f'(cc) ·

- The derivative at a point gives the gradient
of the tangent at that point .

It gives the instantaneous rate of change of
f(x) with respect to cat x = xo ·

↳ratives
at a genpoint comfi t

Definition : If f(x) is differentiable at
every



point in its domain
,
then it is a differentiable

function
.
From first principles ,

the derivative of

the function with respect to c is

f(x) =

lit-f(x)
- If

y
= f(x)

,
we write f(x) = dy/dx .

=amples

- If f(x) = x
,
f(x) = 2y(x + h) - x

↳

I him" + nc" "h+ "(2x
-

22 + ... + h - x"
h - 0

h

=him nc" h + "Cex"
-

+
.. . + h

h -> 0 h
n - 1

=Sim nx + "Cex"
-

2 + ... + h
-

h - 0

n - 1

- nx

-This result can be used to derive other

standard results :

d ex I & I 1 + x + x
2

t x
3

I x + ... S2

dS dx 2 ! 3 ! 4 !

- O + 1 t C I C
2

I 32
3

t ...

2 ! 3 !

- 2



d(sinx) =
d IC - x

3

I C
5

- 3

I

+ ....dx dx 3 ! 5 ! 7 !

I - t I

4
- x t ...

= (O) X- L

2 ! 4 ! 6 !

6

d(cosx) = d C 1 - x I x
4-

x + ... )
d) 2 ! 4 ! 6 !

5

=0 -

x I x
-

C I ... = in x

3 ! 5 !

im 1 I- If f(x) = ((x
,
f(x) = 1 ! (nonx +

n - ii)
- dis)= it Sx(x + h)

=him-I =-
h -> 0 x(x+ h) 23

- If f(x) = ⑮
,

fiki" Fish-" te
a

-

/x + h + (x
-

h - 0 /x + h + X
=

In I l
I his+

= It


