
Noting that e-io =cos(-0) + i sin(-0)
I COS O - i sin O

/

e
iO +e-i0 = 2 cosOwe also finthat
areand I

-

Similarly ,
ei0- e -

i0
=

sirinand I I
Note : this makes clear the connection between the

trigonometric functions and the hyperbolic functions

coshx = (e + e- )/2 and sinh : Ce -e")/2
.

edvre'stheorem

From z = re

io
with e

iO
= cosO + isinO

,
it

follows that

z = rveinO = rYcos (nO) + i sin (nO)]
-

50 that I cosO + i sinO)"= cos nO + i sin nOl
-

Example : Use de Moirre's theorem to derive the
-

double angle formulas
.

Put n = 2
.

Then
,



(cosO + i sinO)" = cos20 + i sin20

cos0-sinO+2i sinOcosO = cos20+i sin20

Equate the real and imaginary parts :

COS 20
=
cosO-sin'O

sin 20 = 2 sinO cosO

Mecamp paradexponeform

a) 1 = 1 + 0i

- 1(cOsO +

i

s in O)
- e

iO

b) - 1 = <cos(A) - isin(treein
I e

2) z = 1 + i

Modulus
:
(z) =
V : I

Argument : O = tan" (1/1) = tan" (1)

This could be 114 or 55/4 .
However

,
we see

from the Argand diagram that it must be 1/4 :

Fone()



Then
,

z = [cos (+14) + i sin(+/41]

= ent

We can also write this as

z =
&ei(/4 +24) with be

since adding 25 to the argument brings us

back to the same point in the Argand diagram .

ofa complember

If z =
weiO then ze

*
= re D

=
reila + o

L

i . e . multiplying a complex number by e
in
rotates

it by an angle a in the complex plane .

i(0 + a)

mreio

7

Re(z)

Altipla exponential form

Multiplication and division are neater in

exponential form than in standard form
. We have

that
,
for z

,
= ~

,
ei0 , and Za

= Neeide
,

E1 Ez
=

r
, e

i0
,

52 eiOz = r
, a e

i(0
,

+ 02)



We can see that arg(z . Ez) = arg(z ,
) + arg (zz) .

Since (ei0) = 1 for all O
,

we also have that

1z , ze) = r
, re = /zillze) .

Division is similar :

E eid= I eiCO
, -Del

and we see that

12 , /ze) = (Ei)/Izz) and arg(E , /zz) = arg E ,
-

arg zz

Roots of complex numbers

-

Finding the n = root of a complex
number w corresponds to solving

R

Z - W

- Key fact : adding an integer multiple of
2π to the argument of A complex number

leaves the complex number unchanged .

Step 8 : Write win exponential form :

w
= (wi e : /

Step ② if
Add 2Ri

,
ke 2

,
to the

argument w
.
This leaves o unchanged .

w
= (w) ei4

+ 2kai



Step 8 : Write z" =

W
,

Or

=" = (w) 2:0
+ 2kxi

Step 4 : Take the nth root of both

sides :

z
= (w1"n , i4/n

+ 2kxi/n

Step ⑤ : Let b = 0
,

1 2 3, . . .

,
n-1 to

S /

read of f the n roots
.

Note :

we stop at n - 1 as k =

n

gives the same root as k = 0
.

Example
3

Z I i

⑪ Wr it e i in exponential form :

-Im(z) (i) = 1
1 -

+12
7 > Re(z) arg(i) = i/2

L ii 12
and I I 2

② Add 2Rπ
,

k = I
,

to the argument
of i =

in 12 + 2ki:

C

=
=
git/2 + 2 kii

③ Write Z
3 i



④ Take the 3rd (cube) root of both

sides

z
= ein/6 + 2kni/3

⑤ Let b = 0
,

1
,
2 :

+i)6
k

= 0 : Z - 2
in16 + 24i/3 in(6 + 44i/65xi/6

k = I i I I e = 2 =2
in 16 + 4xi/3 in 16 + 8πi)6

k = 2 : z = C = 2

- e

91i/6
I e3i/2

These are the three ts Whenroo
ii) 6ii)3 in 16 + 2πi

k = 3 z = e6 +

I 2

eii)6/the first root again .

its

- For
many functions f(x)

,
the value of f(x) as

x approaches the value a will simply be

f (a) .

- However the function could be undefined at
I

the point a
.

Example i the function
- -

f(x) = ix ,

S

used in optics and signal processing ,
is

undefined at x = 0
.

- In cases like this
,

we need the concept
of a imit .



tionand definition

Suppose f(x) is defined when s is near to

the number a except possibly at a itself
.

If we can make f(x) arbitrarily close to L

by making x sufficiently close to a

Con either side of it but not equal to it,
then we write

lim f(x) = L

x- a

and say that the limit of f(x) aS 3

approaches a is equal to L

-edefinition

Suppose that f(x) is defined on an open
interval that contains the number a

, except

possibly at a itself
.

Then
,

we say that

the limit of f(x) as approaches a is

L
,

and we write

him f(x) = L

x - a

if
,
for

every
3 30

,
there exists a 870

such that if 8 S/c-al< S
,

then6

If(x) - 11 < 3
.

Note : this definition is needed in vigorous
proofs : it uses variables

, E and S
I

rather than statements like "arbitrarily close"
.



I is i ene

-

neededfin
t

in here

Esidedlimit

We write him f(x) = L
x - a

and say that the limit of f(x) as s

approaches a from the left is equal to L

if we can make the value of f(x) arbitrarily
close to L by taking to be sufficiently
close to a and x is less than a.

OR /im f(x) = L

x - a

if
,
for

every
3 >0

/
there exists a S>0

such that
,

if a - 87x < a
,

then

If(x) - 2 K 2
.

1

y

↓ - E

- y = f(x)

·fi
c

-



RighEd limit

him f(x) = L

x -> at

if
,
for

every 330 ,
there exists a 830 such

that
,
if a <x(a + 8 then If(x) -L/ < 3

.

/

-that him fle)= L if and only if
x - a

him f(x) = 1im f(x) = L
-

x - a - x - at

simplexamplelimits

① f(x) = A
,

where A is a constant

Then
,
/im f(x) = in +

f(x) = 1im f(x) = A

x - a x -

a

② f(x) = x

Sim f(x) =

a,+ f(x)
=

a

x - a

archist-

a

e In this case
,

6 = 3
.



versus f(a)(x)
/x x < a

Consider the function f(x) : al2 x = a

↳
x x > a

him f(x) = lim f(x)e x - a x - at

=lim f(x) = a If(a)
x - a

- The limit of flee) at a does not depend on

the existence of flc) at a or
,

when f(al
exists

,
on the value of f(a)

.

Step ons and limits

- The signum function discussed earlier is

sometimes written as f(x)
=

Does this function have a limit as x-0 ?

We Sec that him f(x) = -1 and that
x- 0

-

him f(x) = 1
.

Since lim f(x) = lim fle
,

x- 0
+

x - 0
-

x -30t

the limit him f(x) does not exist
.

x - 0



However
,
the signum function is sometimes

defined to have f(0) = 0
.

↳at infinity
.

The limits at infinity of f(c) describe its

behaviour as increases or decreases without bound
.

Example If f(x) = 1/c ,
then lim f(x) =

0 and

x +

im f(x) = 0
.

x -) - 0

I intelimits

Some functions become infinite as a tends

to a finite value

If f(x) =
1 then him f(x) =

-

-
I

-

x- 0
-

x

and lim f(x) =

a

x- 0

↳for limits

Let lim f(x) = F and /im g(x) = G
C -> a x-) a

Then
,
lim (hf(x) = kF
x - a

1im(f(x) = g(x)) = F !G
x- a



Dim f(x) = F (G = 0)
-

-

x - ) a g(x) G

1im f(x)g(x) = FG
x- a

If f(x) <g(x) on an interval containing a,
then him f(x) lim g(x) .

x-) a x- a

If P(x) and a(x) are polynomials ,
then

1im P(x) = P(a)
,

dim Q(x) = Q (a)
x - a x-) a

and dim is i Q(a) = O


