-i0

Nobing Ehat e cos(-0) + i sin(-6)

= cos 06 - 1 sin 6,
we alse Find Ehat e,‘g + e-'& = 2cosb
and cos & = Q,I9 + e‘;9
2
Similmrlﬂ/ E’_ig - &-}9 = 21 s:n0
and sinD = o' -¢if
2
Note : Ehis  makes clear Ehe conneckion belween the

Eriﬂonom&:ric funckions and Ehe hwpgrbolic funekions
cosh x = (e,aL + e’x)/l and sinh x : (ex%"‘)/l

De Moivre's Eheorem

10 , 16 . .
From - re wi Eh E,l = cos © + 1s5sinb 7 1+

follows that -~
2" re :r {cos(nG) + 1 s'm(nﬁ)}

so that |(cos 8 4 icin 8)" 5 o5 nO 4 i sin nel

Exampg-‘ Use de Moivres Eheorem Fo derive Ehe
dowble ongle Formulas.

Put n= 2 “Then,



cos 26 + 1 si1a 206
cos 206 + i sin 20

N

(cos@ + isinG)z
c0s?0 - 5sin?0 4+ 21 5inb cosB® -

Eq/u.a.l:e, Ehe real and ;masinary Pa_rh'.

cos 206 = cos*6 - 51n*0
sin 20 =  2s5sin® cos O
More L.xo.mples o{: pola.r ond exponenl-ial £ orm
AN
a) 1= 1+ 0; 1mLe)
li(ocos 0 + i sin 0) 7—3(%)
A\In(z)
l)) - 1 i: ] "EFCGS(TT) + 1 5in C‘rr)] | /ﬂ .
- 0 Va
o Re(s)
c) z: )+ X ]
Modulus : IE) - \/'\7‘ + 12 = \[?
P\rgumank= 6 - fqn-l(ll)) = kan’ (1)

This could be nl4 o 5nju. However, we see
from the Argo.mﬂ diagram that £ must be w/4:

N

Im(%) '
g: (4

l' ? Re (&)




Y

[2' [ cos Crrfa) 4 i sin (o ]t)]
J‘E e]n/‘t
We con also write Ehis as

i(rr + 2kw)
Z = J—?e(/q with k e 2

since add{ng 207 ko the argumenl' bringJ ws

“Then ; [

1]

back Eo Ehe same Poinl’ in  the Argand oliagram.

Rotakbion of & complex num ber

06 & PET i(<+6)
1+ 2z: re Ehen & = re e = re

l-e. mu[&iplginj a complex number bﬂ eM rotates
ik b:’ on a.nale £ in Ehe complex plane.

r&;(9+ o)
Im (2) re:e
\ & N
Re(2)

MuLHp“Ca.l:ion In exponenl:ia.,. form

l"\uLkiplical:ion ond division oare neaker in

e_x_ponenkia’. form l:lnan Ln standard torm. We kawe,
i 6
H\al:’, For €, c r,e_'g' and 2, = er_' ",
:G, Iez i(9|+01)



Wa can see E\r\a]:‘ (Lr9 (%, 27_) < D.ra (E,) + arg (’éz).
Since lew|= 1 for all B we olse have FEhat

/

\ZI EZ‘ = r, rz = ,2|,|Zzl
Division 15 similar:
i0, i(8,-6
Z, = roe = ( elc 1= 62 and we see that
€, [P e,'eﬁ r,

2. [ 2]

)Zul/'zz) and arg(%./zz)= a.rj g, —ar3 2z,

Roots of complex nunbers

F]niinJ the ht\_h reok  ofF & complex

number w Corr&srond.f Eo Sch{U
n
z = w
- Kl\g Fact: adding an inkejar multiple o
2 Ee Ehe ardummt' of a Cem plex num ber
Leaves Ehe cormplex number lu\cka.njeo(.

Sl:e.p @'- Write s in e,xpoy\u\l-'nal L orm -

wz |w| e'?
Step @ : Add 2km y e @, ts the
¢r9uw\enl: ¢ & W, This leavesr o unchange_d.

' 2kl
e lw—] Q‘¢ +



@ .

Wrike

n
£

Sktp W, or
n | 2k
2" s Ju] @B F 2T
Slte,p @J Take Ehe n &h rost  of botl,
stdey:
/' @/n + 2kD
¢ = l wl e o/ ol
Step B Lek k=0, 1, 2, 3, ..., n-l
read sf £ Ehe n rests .
N ske: we s@op ok n~ 1 o g k= n
ﬁive: Ehe same roeobk as k=0
Exw’\p'i \ -
€ -
1 Write L tn prunen(:ial ‘pormi
l/\ln(z) IL) - 1
1 wie N
15 ey erg (O = w /2
and —— e
@ Add 2\1“'/ ke EZ/ p te the QrJu-men.i'
ot L /2 + 2kmi
c
: 2 ket
O whte &tz - &7



@ Take Eh . 3'_-—6 Ccu_loe) rook of beth
sedes _ e-'.rr/C + Zk_rri/s
Z -
&) Lek k: o0, 1, 2
b - . - e/rrilé
h (i ;- imff + 2mif3 e,hr/‘ ¢ uni]é ) &Snflé
k - - - eéirr/( + 43 :— ek g/ ¢ )
- " ] iqni/c 3mi/2
L\HL are H'\L ,n/%b\Fta’E_“u;‘ool’:J. '[\6,\/)4&2,”'
= 3 zz ¢ " S Rt
1w /
e “, Ehe £irst rosk a.ja.ir\.
Limiks
— for  man funcbions -F(:r.), the value of -pr) as
x  opproaches kthe value a weld slmpiﬂ be
1 ().
- wae_var/ Ehe function could be undefined at
H\e Poink Q.
Ex,a,mPL_L : Ehe funckion
‘F(Dﬁ) < Sin X
X
wsed F'nr\ OH:itcs an d Osignal Prbf-f-”""lj, L2
undetined a x = .
- la cases J.”te ‘:’AI'S' Wwe need Ehe chc.e_’o(-;
of o limit,




Notakion and definikion
Sutppose. ‘F(Jﬁ) i_\‘ deﬁned wlxen X }! hear Eo
Ehe number a, ex ceph possibl& ot a iEsel €.
14 we can make F(x) arb)Eraril close b0 L
B& nqak{nj X ﬂAFFiC;Cﬂtij close to a
(on either side of E but nok eqvuw.l to il:')/
then we write
“m 'C(Dl) = |
oD a
an d Say Ehat the limit of F(x) as X
approao%es n '3 equal Lo L
Precise definiktion
SU¢yose Ehat £ (x) I 5 defined on an Open
interval  that  conbaing  bhe  number excepl
poss'nb% ot o ibsef.  Then, we say that
the Limit of {f(x) as x approaches a 1
L, and  we wrile
l(m ;(x) S
€L
it for every 3 >’0/ Ehere  exists o §2>0
such Ehat/ W F 0 < ﬁz—-al < S, then
| £(x) - L] < €
Noke: this definibion is needed in riaorous
frooFS : b uwses VariaHeS / £ and 5,
lihe elose

rabther Ehan skabements

' or b'l (:ra.r;,lﬂ



here

One- sided Limits

Left- sided |imit

We write Lim  £(x) =1L

x = o
and s ay that Ehe lime o { #Cx) as X
approaches a from Ehe left i3 equal ko L
iF owe tan Male Ehe value of -P(Jc) arbiFraril
close Eo L L9 f.'a.lz;n_g X Eo be Suﬁf{c;cn:&ﬂ

close Eo o and x is  less Ehan a.

OR lim ft(x) =L
X Ja~
2F/ for LUQr9 £ 2 O/ Ehere exiskr @ $>0
su ch U\qt,  f a- & Cx < a, then
| $(x) - L |< €.




Bigk&' sided l/mikt

lim f(x)- L

;L->a+

£, for every € >0, there existy a §>0 such
that, if & <x<a+ §, then |[£(x)-L]|<e

Nste CEhat L1 m flx) = L £ and bnlg £

o) a

‘.IM -F(x) < Lim 'F()f.) - L.

XD a x -) a.+

SimPle examoples oF  Limits

@ flx) = A, where A s & constant

Then, lim -p(x) = |um 'p(x) = im 'P(x) - A

~-) a” x- ot X a

@ f(x) = x

lim f(x) - a , lim f(x) = a

xDa” x =)q?t

and lLim f(x) za

atf f------- .
I In  Ehis case, d° €.




bim £(x) versus F(a)

xDa
X x < a
Consider Ehe funckion 400 - al2 X = a
x x D a
AN
J . .
asd [ - - - - lim f(x) - Lim 'pr)
af----- ! X -a ) ot
a-S1- " ¢ : lim f0) = a £ f(a)
. i A N\ X a
a-% o atd ,3(‘_/ :

- The Limit of f(x) abt o does not depu\i on

Ehe existence of f(x) ot a or, when  £(a)

exists, on Ehe wvalue of f(a).

Ske.p functigngs ond Limikg

- The Signum funckion discussed earlier LS
some Eimas writben as  F(x) = x
EX

Does lflr\is {:unc,(:ion ’wve o 1{1’\{': as o5 ) 0.?

W e see  that bim £(x) = -1 and Ehalt
x-0"

Lim £(x) = ). Stince lim £(x) # lim cl-\Lx),

x->0" x= 0" -0t

the Limit Llim F05¢) does nob exick,

x>0



Howevu, Ehe Signun Funckion L3 Somebimes

defined Eo have £(a)= 0.

Limits ok infinil;-ﬂ_

/Fhe Lim{t’s al: 'tn-F;nibﬂ o-F -ﬁ(ac) Olefcr'ube, [(‘:g
behaviour os x increases or decreases wikhosut bound.
E:ca.mr),y_a I¥ £(x) = 1}9(., then lim 'F(ac) : 0 and

oC =) od

lim f(x) = O.

X-)-o

Infinite limiks

Some  functions become nfinite as x  Etends
to a Finite value
IE (2 = 1 | Ehen lim f(x) = - &
—;Z =)0~
and lim f(lx) = =
x> 0t

Rules For Lim; ks

Let  Llim f(x) = F  and lim S(x) = G

XD a >L-)a
/lken, ] m ( k'P(:.)) = k F
>xDa

lim ( f(x) g(x)) = Fit G

Xx=)a



lim o = F ( G# 0)
x-a SC"‘) G
Lim -FCx)f)[x) = k&
XDa
1+ f(x) ¢ 9(;) on aan inkerval Conl-ain{nj a,
Ehen Lim fix) € lim 3(.1).
X~ a x-a
L+ P(x) 0.nd Q () are polﬂnom;alsl then
lim  P(x) = PCa), Lim  Q(x) = Q (a)
¢ a X
and Lim P(x) = P (a) Qle) # 0
X8 Q (x) & (a)



