Friction forces



Solid friction force



Solid friction

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

1st step: make a diagram with all the
forces acting on the boulder
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

2nd step: list the forces acting on

the boulder
Contact forces Forces at a diStance
Fopptica = Fappliea W=-mgj, g=98m-s*

— A

N=Nj
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

3rd step: apply Newton’s 2nd law

We assume the frame of reference to be Galilean and therefore
we can apply Newton’s 2nd law



https://s-media-cache-ak0.pinimg.com/736x/00/d3/8f/00d38f6b5a8ec100fb7a780498cd9198.jpg

Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

4th step: get the components

may = I gpplied

ma, =N —mg
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

4th step: get the components

deplz'ed 7é O = dy # O

@ =0 — N=mg
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

4th step: get the components

@ =0 — N=mg
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

4th step: get the components

Really?

F applied 70 = ax # O We must have

missed something

@ =0 — N=mg
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

Rough
surfaces
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Solid friction

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

Rough
surfaces

small force
no motion

T=—

—

F applied
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force?

Let’s try to figure it out!!

force large
enough
with motion
Rough
surfaces

T = constant = T 7
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Solid friction

On rather soft grounds, the wear created by heavy objects is easily
visible with the naked eye

© Flickr! Paul Lovine
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Solid friction

Mathematical modelling

for a 1000 tonnes boulder
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Solid friction

Mathematical modelling

for a 1 tonne boulder

71| (kN




Solid friction

Mathematical modelling

w If ||Fapplied|| < ul|N| the tangential reaction T fg)m the
ground (static friction force) balances the applied force I, ;.4 ,
I'=—-F applied

and the object doesn’t move. The factor p, is called the
static friction coefficient.



Solid friction

Mathematical modelling

—

w I ||Fapphed|| < Ms”ﬁ | the tangential reaction 7 from the

ground (static friction force) balances the applied force F applied

—

I = F applied

and the object doesn’t move. The factor p, is called the
static friction coefficient.

w If ||F apphedll > ,uS||N | the object moves. The tangential

reaction T from the ground (kinetic friction force) opposes
the motion with constant magnitude

1T = I Ml

The factor u;, < u, is called the kinetic friction coefficient.



Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force given that the static friction
coefhicient is fs = 0.5 ?

2 If
2 If

applied

—

applied

Solid friction

=l =l

the boulder doesn’t move
the boulder moves
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Solid friction L,

Can we make a 1000 tonnes boulder
move by simply applying a reasonable
force given that the static friction
coefhicient is fs = 0.5 ?

2 If Fapplied < u || N| the boulder doesn’t move
2 If Fapplied > u || N|| the boulder moves

—

N =—W=— mgj, where m = 1000%kg and g = 9.8ms >
Hence, the boulder will move if

| Fapp,iedu > nmg = 0.5(1000%g)(9.8m/s?) = 4.9(10°)N

Enormous force!!!
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Fluid friction force



Going back to Galileo

—gj v —gJ

Is it actually realistic to imagine that every object dropped
from the same height will fall at the same speed on Earth in
normal conditions?



Going back to Galileo

Air molecules

Is it actually realistic to imagine that every object dropped
from the same height will fall at the same speed on Earth in
normal conditions?
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Going back to Galileo

Air molecules

Is it actually realistic to imagine that every object dropped
from the same height will fall at the same speed on Earth in
normal conditions?

Upon moving down through air, all bodies are subject to a
decelerating force whose final effect depends on their size
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Fluid friction

Mathematical modelling

Every body moving through a fluid with velocity v relative to it is
subject to a force F irag OPPOSing its motion and called drag force

Farag = —5 p Cp(||7]]) 4 ||2]|9(2)



Fluid friction

Mathematical modelling

Every body moving through a fluid with velocity v relative to it is
subject to a force F irag OPPOSiINg its motion and called drag force

Fluid mass

density
Cross sectional

area of the body

Drag coefhicient



Fluid friction

Mathematical modelling

Every body moving through a fluid with velocity v relative to it is
subject to a force F irag OPPOSiINg its motion and called drag force

Very complicated nal

bdy




Fluid friction

Mathematical modelling

Every body moving through a fluid with velocity v relative to it is
subject to a force F',,, opposing its motion and called drag force

deg — _i P CD(HY—jH)A ||77H77(t)

In case of very small objects and/or very small velocities,

1|9]|pCp(||9]|)A ~ constant = v (friction coefficient)

i.e. the drag force is simply proportional to the velocity:

ﬂﬁdmg —

We will only consider this equation in this module!



Energy



Motivations

* As we have seen them, Newton’s laws of motion are enough to

solve any dynamical problem, provided we are given an adequate
model for the forces.

* Yet many contemporaries of Newton’s felt unsatisfied with his laws



Motivations

* As we have seen them, Newton’s laws of motion are enough to
solve any dynamical problem, provided we are given an adequate
model for the forces.

* Yet many contemporaries of Newton’s felt unsatisfied with his laws
o The concept of force was not totally clear
* Could the 2nd law emerge from a deeper principle?

* Newton’s laws are not able to capture all of our own sensations and
apprehension of forces. For example:



Motivations

* As we have seen them, Newton’s laws of motion are enough to
solve any dynamical problem, provided we are given an adequate
model for the forces.

* Yet many contemporaries of Newton’s felt unsatisfied with his laws
o The concept of force was not totally clear
* Could the 2nd law emerge from a deeper principle?

* Newton’s laws are not able to capture all of our own sensations and
apprehension of forces. For example:
o Why is it barder to climb stairs rather than walk on a flat surface if the
same distance s traveled?
o Is it possible to quantify the effort one needs to generate to perform a
given mechanical task?



T'he energy concept

“It is barder to maintain a force of the same magnitude over
a long distance than a short distance”

* This typical sentence implies that exerting a force on an object
is costly...but costly in what exactly?



T'he energy concept

“It is barder to maintain a force of the same magnitude over
a long distance than a short distance”

* This typical sentence implies that exerting a force on an object
is costly...but costly in what exactly?

* In our society: “costly” means that whatever service or good we
want, we will have to trade it against an amount of scarce resource
that we call “money”.




T'he energy concept

“It is barder to maintain a force of the same magnitude over
a long distance than a short distance”

* This typical sentence implies that exerting a force on an object
is costly...but costly in what exactly?

* In our society: “costly” means that whatever service or good we
want, we will have to trade it against an amount of scarce resource
that we call “money”.

* In mechanics this “money” is called Energy.



Kinetic energy

We consider a point object of mass m moving with velocity v ()

We define the kinetic energy of this point object as being:

~ 1 )
K(1) = Em\lm\2

\_ J
If the object moves in one dimension with velocity v (7) = Ux(t)f
in a Galilean frame (O, i), then

K@) = : 2
= Emvx(t)



Kinetic energy

We consider a point object of mass m moving with velocity v ()

We define the kinetic energy of this point object as being:

4 )
| .

K(t) = —m]| v

\_ 2 J

If the object moves in one dimension with velocity v (7) = Ux(t)f

in a Galilean frame (O, i), then

K@) = : 2
= Emvx(t)

Example We consider an object of mass 3 kg with velocity vector
v (t) = (bm/s)i. Determine its kinetic energy.



Kinetic energy

We consider a point object of mass m moving with velocity v ()

We define the kinetic energy of this point object as being:

~ ~
K(1) = Em\l v

\— _J
If the object moves in one dimension with velocity v (7) = z)x(t)f
in a Galilean frame (O, i), then

K@) = : 2
= Emvx(t)

Example We consider an object of mass 3 kg with velocity vector
v (t) = (bm/s)i. Determine its kinetic energy.

1 » 1 —142 2 =2
K(t) = Emvx(t) = 5(3kg)(6ms ) =54 kg-m--s " =54N-m



How 1s energy spent or earned?

Let us consider a point object of mass 7 moving with velocity
T(2) = ve(2) 7 in a Galilean frame (O, /) and subject to a
constant force F = F;

Since we are in a Galilean frame, Newton’s 2nd law applies and, in
1D, can be directly written in component:

may(t) =F = mU(t) ve(t) =F - vy(2)



How 1s energy spent or earned?

Let us consider a point object of mass 7 moving with velocity
7(t) = v,(¢) 7 in a Galilean frame (O, /) and subject to a
constant force F = F;

Since we are in a Galilean frame, Newton’s 2nd law applies and, in
1D, can be directly written in component:

It we consider that the position of the point object at time ¢, is
x(t4) = x, and at time 1), is x(t3) = xp, then we derive

" Ip " lp

mo(t)-0,()dt = | F-vJ t)dt, which implies that

ul‘A ul‘A

1
Emvx(tB)z — Emvx(tA)z = F(xp —x,) or Ky — K, = F(xg — x,)



How 1s energy spent or earned?

The equation Ky — K, = F(xz —x,) is a specific case (for a
constant force) of what is known as the work-energy theorem.

It shows that when a constant force is applied on a point object
over a non-zero distance, it changes its kinetic energy.

The quantity F(xz — x,) is called the work done by the constant
force F on the point object from points A to B.



How 1s energy spent or earned?

The equation Ky — K, = F(xz —x,) is a specific case (for a
constant force) of what is known as the work-energy theorem.

It shows that when a constant force is applied on a point object
over a non-zero distance, it changes its kinetic energy.

The quantity F(xz — x,) is called the work done by the constant
force F on the point object from points A to B.

Remark 1: if F and (xg — x4) have opposite signs, the force
opposes the motion of the object. It can then be interpreted as
a price to pay by the object to move from A to B



How 1s energy spent or earned?

The equation Ky — K, = F(xz —x,) is a specific case (for a
constant force) of what is known as the work-energy theorem.

It shows that when a constant force is applied on a point object
over a non-zero distance, it changes its kinetic energy.

The quantity F(xz — x,) is called the work done by the constant
force F on the point object from points A to B.

Remark 1: if F and (¥8 — %4) have opposite signs, the force
opposes the motion of the object. It can then be interpreted as
a price to pay by the object to move from A to B

Remark 2: if F and (x5 — X4) have same signs, the force
facilitates the motion of the object. It can then be interpreted as
a monetary incentive to earn by the object to move from A to B




Work in one dimension



Work 1in one dimension

The general formula for the work done by a force F(x) = F(x)i
along a 1D path I',_, 5 from point A to point B is:




Work 1in one dimension

The general formula for the work done by a force F(x) = F(x)i
along a 1D path I',_, 5 from point A to point B is:

If we set x = x(t), with ¢4, 5 such that x(¢,) = x, and x(t3) = x5,

then
dx(t
dx = );(t ) dt = v ()dt , hence

[

WF|T ) = JBF (x(2)) - v (t)dt

I




Work 1in one dimension

Example

Let us consider a path 'y ,p that goes from x4 toxc and then
from xc to xp with x, < xz < x. and

F(x)=F, forx € [x4,x3],
F(x) = 2F, for x € [xg, xcl,

where I is a constant.



Work 1in one dimension

Example

Let us consider a path 'y ,p that goes from x4 toxc and then
from xc to xp with x, < xz < x. and

F(x)=F, forx € [x4,x3],
F(x) = 2F, for x € [xg, xcl,

where I is a constant.

Solution

W(F|FA_>B):/ Fdx+/ 2Fa’x—|—/ 2F dx

X A XB XC

XC

W(F|FA_>B) — F- (xB —XA)




Work-energy theorem in 1D

Let us consider a point object of mass 7 moving with velocity
‘27(1‘) = v,(t)7 in a Galilean frame (0. /) and subject to a force
F(x)=F (x)i , whilst moving on a path I'4_,p from point A to B

Then, according to Newton’s 2nd law the following is true:

ma (1) = F(x(t)) = mo.(t) v (t) = F(x(1)) v (¢)



Work-energy theorem in 1D

Let us consider a point object of mass 7 moving with velocity
‘27(1‘) = v,(t)7 in a Galilean frame (0. /) and subject to a force
F(x)=F (x)i , whilst moving on a path I'4_,p from point A to B

Then, according to Newton’s 2nd law the following is true:

ma (1) = F(x(t)) = mo.(t) v (t) = F(x(1)) v (¢)

If we consider that x(¢,) = x, and x(#3) = x5, then

nl‘B

m v,(1) - 0, (D)dt =

r-tB

F(x(t))v (H)dt , which implies that

This equation is called the 1D work-energy theorem



Conservative forces



Conservative forces

A 1D force F(x) = F(x)i 1is said to be conservative if either
of the equivalent propositions is true:

* The work done by the force on a point object moving from a
point A to a point B is zndependent of the path taken

* The work done by the force on a point object along any
closed path is zero



Conservative forces

A 1D force F(x) = F(x)i is said to be conservative if either
of the equivalent propositions is true:

* The work done by the force on a point object moving from a
point A to a point B is zndependent of the path taken

* The work done by the force on a point object along any
closed path is zero

dU(x)
dx

. There exists a function U(x) such that | F(x) =




Conservative forces

A 1D force F(x) = F(x)i is said to be conservative if either
of the equivalent propositions is true:

* The work done by the force on a point object moving from a
point A to a point B is zndependent of the path taken

* The work done by the force on a point object along any
closed path is zero

dU(x)
dx

. There exists a function U(x) such that | F(x) =

So, W(F|T'y_p) = J BF(x)dx = U(x,) — U(xp)

XA



Conservation of mechanical energy

It a 1D force F is conservative, then necessarily it can be
associated to a function U(x) such that F(x) = —U’(x)

In this case the work-energy theorem reads:

Kg— K4 = W(F|T4_p) = Ulxs) — Ulxp)

Reshuffling the terms yields:

KB -+ U(XB) — KA + U(XA)

There is conservation of what is called mechanical energy



Mechanical and potential energy

If the forces acting on a system are conservative, then the

mechanical energy E = K + U is conserved.

The quantity U(x) is called the potential energy.




Mechanical and potential energy

If the forces acting on a system are conservative, then the

mechanical energy E = K + U is conserved.

The quantity U(x) is called the potential energy.

Physical dimension

[El=[K]=[U]l=[W]=M-L*-T

The SI unit of energy/work is the joule (J)

2
1J =1kg(ﬁ> = IN - m
\)




“Deriving” Newton’s 2nd law 1n one dimension

Consider a point object of mass m in a Galilean frame subject to
a conservative force F(x) characterised by a potential energy U(x)

The mechanical energy is E = ! m v (t)* + U(x)

2

Conservation of energy means that £ = 0



“Deriving” Newton’s 2nd law 1n one dimension

Consider a point object of mass m in a Galilean frame subject to
a conservative force F(x) characterised by a potential energy U(x)

The mechanical energy is E = ! m v (t)* + U(x)

2

Conservation of energy means that £ = 0

.1 d dU(x)
W = — — z |
Now, E 5 m - (v (2)*) 2




“Deriving” Newton’s 2nd law 1n one dimension

Consider a point object of mass m in a Galilean frame subject to
a conservative force F(x) characterised by a potential energy U(x)

The mechanical energy is E = ! m v (t)* + U(x)

2

Conservation of energy means that £ = 0




“Deriving” Newton’s 2nd law 1n one dimension

. o dv(t) =~ dU(x) B
Hence, E = 0 implies (m P NN ) v(2) =0 .

It we consider that v (f) # 0, we get that

do (1) dU(x)
m = —

dt dx
dU
and since — d(x) = F(x), we derive | ma/(f) = F(x)
X

that is Newton’s 2nd law.



“Deriving” Newton’s 2nd law 1n one dimension

L dv(t) =~ dU(x) B
Hence, E = 0 implies (m P NN ) v(2) =0 .

It we consider that v (f) # 0, we get that

do (1) dU(x)
m = —

dt dx
dU
and since — d(x) = F(x), we derive | ma/(f) = F(x)
X

that is Newton’s 2nd law.

Notice that this derivation of Newton’s 2nd law works only for
a point object subject to a conservative force.




Forces exerted by a spring



Hooke’s law

We consider an object of mass m on a frictionless horizontal surface
attached to the end of a spring whose rest length is #,,. When the
block is displaced from its equilibrium position, the spring exerts a
restoring force F=F (£)i.




Hooke’s law

We consider an object of mass m on a frictionless horizontal surface
attached to the end of a spring whose rest length is #,,. When the
block is displaced from its equilibrium position, the spring exerts a
restoring force F=F (£)i.

—

A

Hooke's Law: F(£) = — k(¢ — ¢, for a constant k > 0.

The constant k (with units N/m) is a measure of the stiffness of the spring.



Hooke’s law

Exercise

Show that the spring force F=F (£)i, with F(£) = — k(£ — £y 1s a
conservative force with potential energy

1
U(¢) = Ek(f — £)*



Hooke’s law

Exercise

Show that the spring force F=F (£)i, with F(£) = — k(£ — £y 1s a
conservative force with potential energy

1
U(¢) = Ek(f — £)*

Solution

ave) __4du)
Y = k(£ —¢,), so F(¢) = Frat




Hooke’s law

Remark

If we set the origin of the reference frame at £, and x denotes the
displaced from the equilibrium position, i.e. x = £ — £,

0

F

5 e Xa="" I
0 X1
oy ,
| 1 )
X2 0

then the spring force can be expressed as F=F (x)i, with F(x) = — kx.



